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Existence of solutions of degenerated
unilateral problems with L' data

Lahsen Aharouch
Youssef Akdim

Abstract

In this paper, we shall be concerned with the existence result of
the Degenerated unilateral problem associated to the equation of the
type

Au+ g(z,u, Vu) = f — divF,
where A is a Leray-Lions operator and g is a Carathéodory func-
tion having natural growth with respect to |Vu| and satisfying the
sign condition. The second term is such that, f € L'(Q) and F €
Y, L7 (Q,w! ).

1 Introduction

Let © be a bounded open set of R, p be a real number such that 1 < p < oo
and w = {w;(z), 0 < i < N} be a vector of weight functions on (2, i.e.
each w;(z) is a measurable a.e. strictly positive function on €, satisfying
some integrability conditions (see section 2). Now we consider the obstacle
problem associated to the following differential equations

Au+ g(z,u, Vu) = f — divF. (1.1)

Where A is a Leray-Lions operator from W, (Q, w) into its dual W =% (€, w*)
defined by Au = —diva(z,u, Vu) and where g is a nonlinear lower order
term having natural growth (order p) with respect to |Vul|, with respect
to |u|, we do not assume any growth restrictions, but we assume only the
”sign-condition"

g(z,s,&)s > 0.

As regards the second member, we suppose that f € L'(Q) and that
Fell¥ LY (Qw ™).
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In the case where F' = 0, an existence theorem has been proved in [2] with
f e W (Q,w), and in [3] with f € L'(Q) and where the nonlinearity g
satisfies further the following coercivity condition

N
l9(z,5,6) = B _wil&iP for |s| > . (1.2)

i=1
Our purpose, in this paper, is to prove an existence result for degenerated
unilateral problems associated to (1.1) in the case where F' # 0 and without
assuming the coercivity condition (1.2). So that, we generalize The previous
results given in [3].
Let us point out that another work in the L? case can be found in [6, 12] in
the case of equation, and in [11] in the case of obstacle problems.
This paper is organized as follows, sections 2 containe some preliminaries and
some technical lemmas, section 3 is concerned with main results and basic
assumptions, in section 4, we prove main results and we study the stability
and the positivity of solution.

2 Preliminaries

Let 2 be a bounded open subset of RY(N > 1). Let 1 < p < oo, and let
w=A{w;(z);i=1,...,N},
0 < i < N be a vector of weight functions i.e. every component w;(x) is a
measurable function which is strictly positive a.e. in 2. Further, we suppose
in all our considerations that for 0 <¢ < N

w; € L, (Q) and w; " € L (Q). (2.1)
We define the weighted space with weight v in ) as

L(29) = {ulw) : uyr € L(Q)},

which is endowed with, we define the norm
1
o = ([ Ju@)Pr(a) da.

We denote by W1P(Q, w) the space of all real-valued functions u € LP(€, wy)
such that the derivatives in the sense of distributions satisfy
ou
8$i

[l

€ LP(Qw;) forall i=1,..,N.

48



SOLUTIONS OF DEGENERATED UNILATERAL PROBLEMS

This set of functions forms a Banach space under the norm

1
P

Jullp = ( Jru@punds 3 [ 17 pue) dx> e

To deal with the Dirichlet problem, we use the space

X = WyP(Q,w),

defined as the closure of C§°(§2) with respect to the norm (2.2). Note that,
C5°(9) is dense in Wy (Q,w) and (X, ||.||1pw) is a reflexive Banach space.
We recall that the dual space of the weighted Sobolev spaces Wy (€, w) is
equivalent to W1 (Q, w*), where w* = {w} = wz-l_p/}, t=1,..,N and p/
is the conjugate of p i.e. p' = ﬁ. For more details we refer the reader to
[10].

We now introduce the functional spaces we will need later.

For p € (1,00), 797(Q,w) is defined as the set of measurable functions u :
Q — R such that for k& > 0 the truncated functions Ty (u) € W, *(Q, w).

We gives the following lemma this is a generalization of Lemma 2.1 [4] in
weighted spaces.

Lemma 2.1: For every u € 7,7(Q,w), there exists a unique measurable

function v :  — R such that

VTk(u) = UX{|v|<k}-

Lemma 2.2: Let A € R and let u and v be two measurable functions defined
on ) which are finite almost everywhere, and which are such that Ty(u),
Ti(v) and Ti(u + Mv) belong to Wy (Q,w) for every k > 0 then

V(u+ M) =V(u)+AV(v) a.e. inQ

where V(u), V(v) and V(u+ \v) are the gradients of u, v and u+ v intro-
duced in Lemma 2.1.

The proof of this lemma is similar to the proof of Lemma 2.12 [9] for the
non weighted case.
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Now, we state the following assumptions.
(H,)-The expression

llullx = (Z/ |—|pwl x) , (2.3)

is a norm defined on X and is equivalent to the norm (2.2). (Note that
(X, |lu||x) is a uniformly convex (and reflexive) Banach space.

-There exist a weight function ¢ on 2 and a parameter ¢, 1 < g < oo, such
that

l<g<p+yp (2.4)

and
o7 e LL (). (2.5)

with ¢ = q%l and such that the Hardy inequality

lulfo(z) dz) < C Z 8“ ;, (2.6)
(fjorocr )

holds for every v € X with a constant C' > 0 independent of u. Moreover,
the imbeding

X — L1(Q,0) (2.7)

determined by the inequality (2.6) is compact.
Now, we state the following technical lemmas which are needed later.

Lemma 2.3:/1] Let g € L"(2,7) and let g, € L"(2,7), with ||gullar < ¢, 1 <
r<oo. If go(x) — g(x) a.e. in Q, then g, — g weakly in L™ (€, ).

Lemma 2.4:/1]: Assume that (Hy) holds. Let F' : R — R be unifomly
Lipschitzian, with F(0) = 0. Let u € Wy*(Q,w). Then F(u) € Wy (Q,w).
Moreover, if the set D of discontinuity points of F' is finite, then

d(Fou) F’(u)g—:i
0xi N 0

in  {reQ:u(x)¢ D}
in  {xeQ:u(zr) € D}.

a.e
a.e

The previous lemma, we deduce the following.

50



SOLUTIONS OF DEGENERATED UNILATERAL PROBLEMS

Lemma 2.5:/1]: Assume that (Hy) holds. Let u € W,"(Q,w), and let
Ti(u), k € RY, be the usual truncation then Ty(u) € WP (Q,w). Moreover,
we have

Ti(u) — u strongly in Wy(Q,w).

3 Main results

Let A be a nonlinear operator from W, ?(Q,w) into its dual W1 (€, w*)
defined as
Au = —div(a(z,u, Vu)),

where a :  x R x RY — RY is a Carathéodory function satisfying the
following assumptions:

(Ha)

as(z, 5, €)| < w? (@) [k(x) + o7 || +Zwi’ G for i= 1,0 N

3.1)
[a(z,s,€) —a(x,s,n)](E—n) >0 forall £#neRY, (3.2)
a(z,5,6)¢ > aZw@ )&, (3.3)

=1

where k(z) is a positive function in L” (Q) and « is a positive constants.
(Hs3) g(z,s,§) is a Carathéodory function satisfying

9(@,5,§).5 >0 (3.4)
lg(z,5,8)] < b(!s!)(wax)\&P +c(x)), (3.5)

where b : RT — R* is a nonnegative increasing function and ¢(z) is a positive
function which in L'(Q).
Let

Ky ={uecW,”(Quw)/ u >vae in Q},
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where 9 : Q — R is a measurable function on € such that

Yt e WP (Q,w) N L®(). (3.6)
Finally, we assume that
fe L), (3.7)
and
Fenl o7 Qw ™). (3.8)

We defined, for s and k in R, k > 0, Ti(s) = max(—k, min(k, s)).
For the nonlinear Dirichlet boundary value problem (1.1), we state our main
result as follows.

Theorem 3.1:: Assume that the assumption (Hy) — (Hs) and (3.6) — (3.8)
hold, then, there exists at least one solution of (1.1) in the following sense:

W=, gla,u, Vu) € LNQ)
T (u) € Wa?(2,w),

a(z,u, Vu)VTi(u —v) de + / g(z,u, Vu)Ti(u —v) dz
Q

</ka(u—v)dx—i-/FVTk(u—U)dx
Q Q
Voe KynNL>®(Q)VEk>D0.

Q

Remarks 3.2:

1. We obtain the same results of our theorem if we suppose that the signe
condition (3.4) is only near infinity.

2. The statement of Theorem 3.1 generalizes in weighted case the analo-
gous one in [12] and [11].

4  Proof of main results

We recall the following lemma wich play an important réle in the proof of
our main result,
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SOLUTIONS OF DEGENERATED UNILATERAL PROBLEMS

Lemma 4.1:/1] Assume that (Hy) and (Hy) are satisfied, and let (u,) be a
sequence in Wy (Q,w) such that u, — u weakly in Wy (Q,w) and

/Q[a(x7 Un, V) — a(x, uy,, Vu)|V(u, —u)de — 0

then, u, — u in Wy P(Q,w).

Proof of Theorem 3.1
For the prove of the existence theorem we proceed by steps.
Step 1. A priori estimates
Let us defined the following sequence of the unilaterals problems

u, € Ky, g(z,u,, Vu,) € LNQ), g(z,un, Vu,)u, € L'(Q)
(Aup, up, — v) + / g(z, up, Vuy,)(u, —v) do
Q
< / fa(up —v) dx + / F,V(u, —v) dx,
Q

Q
Vove Kw N LOO(Q)

(4.1)

where f, and F;, are a regular functions such that f, strongly converges to f
in L'(Q) and F, strongly converges to F in TIN  L¥ (€, wil_p/). By Theorem
3.1 of [2], there exists at least one solution of (4.1).

Taking v € Ky and choosing h > ||t ||o so as 0 = T (u, — Tx(u, —v)) €
KyNL>(€). The choice of w as a test function in (4.1) and letting h — 400,
we obtain

(Auy, Ty, (u, — v)) + / 9(x, un, V) Ty (u, —v) dx
Q

(Fn) < / Tk (uy, — v) dx + / F, VT (u, —v) dz,
Q Q
Vove K¢.

The use of v = 9™ as test function in (P,) gives

/ a(z, up, Vi, ) VT (u, — 1 )da:+/ 9(z, Uy, V) Ty (uy, — ) da
Q Q
/ foTe(un — 7)) do + / F.VT(u, — ") dz,
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since g(x, Uy, V) Ti(u, —1¥*) > 0, then

/ a(x, tp, V) VT (u, — 1) dz
{lun—y*|<k}

< Ck+ F,.VTi(u, — ") dz
{lun—yF|<k}

by Young’s inequality and (3.3), one easily has
T (un
/Za’“” wi(z) de < ek Yk > 1. (4.2)

Now, as in [5], we prove that w, converges to some function u locally in
measure (and therefore, we can aloways assume that the convergence is a.e.
after passing to a suitable subsequence). We shall show that u, is a Cauchy
sequence in measure in any ball Bg.

Let k£ > 0 large enough, we have

k meas({|un| > k} N Br) / IT(u)| der < / ITh(u)]| d
{|lun|>k}NBr Br

< (/ Ty (wn) |10 dac) (/ ot~ daj) !
Br 1

(‘3Tk un v
< i(x) d
< ( I Zr b P a) )
< ek

which implies
meas({|ua| > k} N Br) < kf; V> 1. (4.3)

We have, for every § > 0,

meas({|u, — uy| > d} N Br) < meas({|u,| > k} N Bg)

rmeas({[un| > k} N Br) + meas{|Ty(un) — To(un)| > 63, &4

Since T (u,) is bounded in W, ?(Q,w), there exists some v, € Wy (Q, w),
such that

Ti(un) — vp  weakly in Wy (Q,w)

Ty(u,) — vp  strongly in L9(Q,0) and a.e. in .
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Consequently, we can assume that Ty (u,) is a Cauchy sequence in measure
in Q.

Let ¢ > 0, then, by (4.3) and (4.4), there exists some k(¢) > 0 such that
meas({|u, —un| >0} N Br) < e forall n,m > ny(k(e),d, R). This proves
that (u,) is a Cauchy sequence in measure in Bg, thus converges almost
everywhere to some measurable function u. Then

Ti(un) — Ti(u)  weakly in WP (9, w),
Ti(u,) — Tp(u)  strongly in L%($2,0) and a.e. in Q.

Which implies, by using (3.1), for all £ > 0 there exists a function hy €
Y, LP(Q, w;), such that

a(z, Ty (un), VTi(un)) — hg weakly in TN, L7 (Q, w;). (4.5)

Step 2. Strong convergence of truncation
Let £ > 0 large enough such that & > [|)"|«, we consider the function
o(t) = te with v > (%4)2 (this function is introduce by [7, 8]). Thanks

2c

to Lemma 1 of [8], we have the following inequality
b(k) 1
! —_— > = 4.6
Fls) = ——lols)l 2 5 (4.6)

hold for all s € R.
Here, we define w,, = Tox(u, — Th(un) + Tr(u,) — Ti(uw)) where b > 2k > 0.
For = exp(—4vk?), we define the following function as

Unh = Up — 77¢(7Un) (47)

The use of v,y as test function in (P,), we obtain, for all [ > 0

(), Ti(6(wn))) + / 92, tn, V)T (1 (wy)) do

< / fuTi(n(wn) de + / F.VTi(né(w,)) d,

we take also [ large enough, we have
(Alwn), 9w + [ gl Ve )ow,) da
o d F,.Voé(w,) d )
< [ fotwn) do+ [ Fo(w,) do.
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Note that, Vw,, = 0 on the set where {|u,| > h+4k}, therefore, setting M =
4k + h, and denoting by £} (n),e2(n), ... various sequences of real numbers

which converge to zero as n tends to infinity for any fixed value of h, we get,
by (4.8),

/a(x,TM(un),VTM(un))anqb'(wn) dx+/g(:r, Up, Vg )d(wy,) dx
Q Q

< /ﬂfnqﬁ(wn) da:—&—/{anan(j)'(wn) dx.

(4.9)
since ¢(wy,)g(x, un, Vu,) > 0 on the subset {x € Q : |u,(x)| > k}, we deduce
from (4.9) that

/Q a(x, TM (un)7 vTM (un))vwnqb,(wn) dx + / g(l‘, Unp, Vun)¢(wn) dx

{lun|<k}

< /ﬂfnqb(wn) dx—%—/QFanngb'(wn) dz.

(4.10)
Splitting the first integral on the left hand side of (4.10) where |u,| < k and
|un| > k, we can write, by using (3.3):

/Qa(z:,TJ\/[(un)7 VT (un))Vw,d' (wy,) dx
> /Qa(x, Tr(un), VI (un)) [VTk(uyn) — VT (w)] ¢ (wy,) dx

el / lale Tas (), Vot (wn)) VT e,
{|un|>k}
(4.11)

where Cy, = ¢'(2k). Since, when n tends to infinity, we have
for all 2 = 1,..., N, a(g’“iz(f))xﬂunbk} tends to 0 strongly in LP(2,w;) while,
(a;(, T (tn), VTas (un)))p is bounded in L¥ (Q,w! ) hence the last term

in the previous inequality tends to zero for every h fixed as n tends to infinity.
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Now, observe that

/ﬂa(m,Tk(un), VT (u)[VTi(un) — VTi(u)]¢' (w,) dx

= /Q[a(:c7 Ty (un), VI (un)) — alx, Ti(uy,), VIi(uw))]
X [VTi(u,) — VT (u)]¢' (wy) dx
—I—/ﬂ a(z, Ty (un), VT (w) [V Tk (uy) — VT (u)]¢' (wy,) dz.

(4.12)
By the continuity of the Nymetskii operator, we have for all i =1,..., N

ai(w, Ti(un), V(1) (wn)) — ai(w, Te(w), VI (u)d (To(u — Th(u))

strongly in L” (€, w) ") and since d(Tg("") d(g’“(“ weakly in LP(Q, w;),
the second term of the right hand side of (4.12) tends to 0 as n — oo.
So that (4.11) yields

/Qa(:(:,TM(un), VT (un)) [V Tk (uy) — VTi(uw)]¢ (wy,) dz

> [ fate. (), Vi) = afe. T (). VI (1)

X [VTi(un) — VTi(u)]¢' (w,) dx + 2 (n).
(4.13)
For the second term of the left hand side of (4.10), we can estimate as follows

/ 92, Uy Vi) $() do
{lun|<k}

ws 8Tk(un) » w dx
/|un<k} +Z Z‘ or; ||¢( n)|
<06 [ oot ds

80 / a(@, Ti(tn), VT (1)) VT (1) 3| oz,
(4.14)

IN

o7



L. AHAROUCH, Y. AKDIM

remark that, we have

/Q oz, To(un), V(1)) V Tk (1) |6 (00|

= /Q[a(x,Tk(un),VTk(un)) — a(z, Ti.(uy), VTi(u))]
X[V (un) = VT (u)][¢(wy)] dz

+/Q a(z, Ty, (un), VT (un)) VT (w)|p(wy)| do

+/ a(x, T (un), VT3(w) [V T (un) — VTi(u)]|¢(wn)] dz.

Q
(4.15)
By the Lebesgue’s Theorem, we have

VTi(w)|é(wn)| = VTe(w)|d(Tor(u = Th(u)))| strongly in TEL, LP (€, w).

Moreover, in view of (4.5) the second term of the right hand side of (4.15)
tends to

/QthTk(uﬂqS(Tgk(u — Th(u)))\ dx

The third term of the right hand side of (4.15) tends to 0 since for all
i=1,..N

ai(2, Ty (un ), VT ()| ¢(wn)| — ai(x, Ti(u), VTi(w))|(Tor (u—=Th(u)))| strongly
in LY (€, w; "), while

O(Tk(un))  O(Th(w))
o0x; ox;

weakly in  LP(Q, w;).
From (4.14) and (4.15), we obtain

/ g(x, upn, Vuy)od(wy,) dx
{lun|<k}

< /Q[a(% Ti(un), VTi(un)) — a(@, T (un ), VIi(u))]
X[V (un) — VTi(w)]|p(w,)| dz
+<€?L(7’l) + /Q VT (w)|d(Tor(u — Th(w)))| dx

+b(k) /Q o(@)|6(wn)| dz. .
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Now, by the strongly convergence of f,, and F,, and in fact that
w, — Top(u — Th(u)) weakly in Wy P(Q,w) and weakly-  in L>(Q),
(4.17)

moreover, combining (4.13) and (4.16), we conclude that

/Q[a(x,Tk(un), VTi(un)) — a(x, Ti(uy,), VIg(u))]
X[V T (uy) — VTi(w))(¢ (wn) — "Eg(w,)|) do
< / BV T ()] (T — Ty (w)))] da + =5 ()

er(k)/Q c(x)p(Tor(u — Th(u))) dr + /Q fo(Top(u — Ty(u))) dx
v /Q FV Ty — T (1)) (T (u — Th () da.

which and using (4.6), implies that

e Ti), 9Tu(0) = o, i), VTV () — VTi0)] o
<2 /Q BV T () | (T (. — Ty ()] d + 3 ()
2b(k) /Q () (T (u — T(w))) dor +2 /Q Fo(Ton(u = Th(w)) da
12 /Q FV Tt — Ty ()¢ (Top (1 — Th(u))) da.

Hence, passing to the limit over n, we get

ligl_)solip/ﬂ[a(x,Tk(un),VTk(un))—a(m,Tk(un),VTk(u))HVTk(un)—VTk(u)] dx
<2 /Q BV T ()| 6(Ton(w — Th(u))| da
—|—2b(/<:)/Q c(x)d(Tog(u — Tp(w))) dx + 2/Q fo(Tog(u — Ty(u))) dz

+2 i FVTor(u — Ty(u) ¢ (Top(u — Th(uw))) da.

(4.18)
It remains to show, for our purposes, that the all term on the right hand
side of (4.18) converge to zero as h goes to infinity. The only difficulty that
exists is in the last term. For the other terms it suffices to apply Lebesgue’s
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theorem.
We deal now with this term. Let us observe that, if we take w,, —n¢(Tox(u, —
Th(uy))) as test function in (P,), we obtain by using (3.3):

ou

=[P ( — Ty(up))) d

/{h<|un|<2k+h}2’ oz, [Pw; ¢’ (Tog (u, — Th(uy))) dz
+/Q 9(x, U, Vn ) p(Tog (un, — Th(un))) do
< / ENun ¢ (Top(un — Th(un))) do

{(h<|un|<2k+h}

+/ Jn®(Tor(wn — Th(uy))) d.

Q

Since g(l'a Unp, Vun)¢(T2k(un - Th(un))) > Oa We have

N
« pwi¢, T u, — T w, .
/{h<|un|<2k+h} Z| ox; | (Tor( h(un)))
< FoVun ' (Tog(un — Th(uy))) do
{h<|un|<2k+h}

T / Fad(To(tm — Ta())) diz,

which yields, thanks to Young’s inequalities

N ou
i/ 19 g, (T (1, — T (1))
{h<|un|<2k+h} O;
é/ﬁWMwnTWMDM+%/ W%QWM,
Q {h<|un|}

consequently, thanks to the strong convergence of ]w% F,|" and f,, in L*(Q)
and letting firstly n — oo after h tend to infinity, we obtain

N
s [ S 12 s (T — To(w))) e = 0,
{h<|un|<2k4+h} ;4 i

h—o0

so that
lim FVTQk(u - Th(u))d)/(Tgk(u - Th(u))) dx = 0.

h—o0 Q
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Therefore by (4.18), letting h go to infinity, we conclude,
lim [a(z, Ti(un), VTi(un)) — a(z, T(u,), VT (u))]
nmeeJa
(VTi(u,) — VT (u)] de =0,
which implies that by using Lemma 4.1
Tio(un) — Ti(u) strongly in Wy (Q,w) V k> 0. (4.19)

Step 3. Passing to the limit
We take v € Ky, N L>®(N2) as test function in (P,), we can write

/Q (@, Tt fofjoe (1n) s Vit ol oe (4n)) VT (1, — 0) die
—l—/g 9(x, Up, V) Ti(u, —v) dx (4.20)
< /anTk(un —v)dr+ /Q F, VT (u, —v) dz.
By Fatou’s lemma and in fact that
(@, Tt oo (Un)s VTt ol oo (Un)) = 0(; Thpolfoe (1), Vg o) o (1))
weakly in ITY | L¥'(Q, wil_p/). It is easily see that
/ﬂa(% Tt olloe (w)s Vet o)oe (w)) VI (u — v) dax

S lim inf/ a(x, Tk“"l")”oc(un)’ VTHHUHOQ(UR))VTk(un — U) dx.
Q

(4.21)
On the other hand, by using the strong convergence of F), and

VTi(u, —v) = VTi(u —v) weakly in IV LP(Q, w;),
we deduce that the integral
/QF,LVTk(un —v)dr — /QFVTk(u —v)dr as n — oo.
Now, we need to prove that
9(7, U, Vu,) — g(x,u, Vu) strongly in  L*(Q), (4.22)
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in particular it is enough to prove the equiintegrable of g(z,u,, Vu,). To
this purpose, we take 71 (u,,) — T;(u,,) as test function in (P,), we obtain

/ (9@, tn, V)| da = / ful da.
{lun|>1+1} {lun|>1}

Let € > 0. Then there exists [(¢) > 1 such that

/ 19(2, 1w, V)| d < 2/2. (4.23)
{lun[>1(e)}

For any measurable subset E C €2, we have

/Elg(z:,un,Vunﬂdx < /Eb < _,_Z axl )|p> d

+ / 192, tn, V)| da
{lun]>U(e)}

In view of (4.19), there exists n(c) > 0 such that

/b ( +Z A (wn)) 1o ) dz < £/2 (4.24)

for all E such that |E| < n(e).
Finally, by combining (4.23) and (4.24) one easily has

/ lg(z, up, Vu,)| de < e for all E such that |E| < n(e),
E

which allows us, by using (4.21) and (4.22), we can pass to the limit in (4.20).
This completes the proof of Theorem 3.1.

Remark 4.2: Note that, we obtain the existence result withowt assuming
the coercivity condition. However one can overcome this difficulty by in-
troduced the function w,, = Toy(uy, — Th(un) + Tk(us) — T(u)) in the test
function (4.7).

Corollary 4.3: Let 1 < p < oo. Assume that the hypothesis (Hy) —
(Hs), (3.6) and (3.7) holds, let f, any sequence of function in L*(Q) con-
verge to f weakly in L*(Q2) and let u, the solution of the following unilateral
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problem

Up > Y a.e. in §D.
Ti(un) € Wy (Qw), g(x,un, Vu,) € L'()

/ / a(x> Ups vun)VTk(un - 1}) dx + / g(.T, Unp, vun)Tk(un - 1)) dx
(P ) Q Q

S/fnTk(un_v) d.ﬁE,
Q
Vove K,NL®Q), VEk>O0.

Then, there exists a subsequence of u,, still denoted u,, such that u,, converges
to u almost everywhere and Ty(u,) — Ti(u) weakly in Wy (Q,w), further u
is a solution of the unilateral problem (P) (with F =0).

Proof. We give the proof brievely.
Step 1. A priori estimates
We proceed as previous, we take v = 1" as test function in (P)), we get

N
/ S g ) g < (4.25)
Q= Ox;

Hence, by the same method used in the first step in the proof of Theorem
3.1 there exists a function u (with Ty(u) € WyP(Q,w) ¥V k > 0) and a
subsequence still denoted by wu,, such that

Ti(un) = Tr(u) weakly in - Wy (Q,w), ¥V k > 0.
Step 2. Strong convergence of truncation

The choice of v = T (u, — nP(wy,)), h > |||« as test function in (P)), we
get, VI1>0

/Qa(x, Uy, V) VT (uy, — Th(u, — no(wy,)))
+[gwwmv%ﬁmM—nmmwmmawm

SA%M%—%%-WWWM%
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Which implies that
/ (s s Vi) VT (1(w,))
{lun—n¢(wn)|<h}

+/Q 9(x, U, Vun)Ti(wy — Th(un — né(wy))) do

Q
Letting h tends to infinity and choosing [ large enough, we deduce
/ a(x, u,, Vu,)Vo(w,) + / g(x, Uy, V) p(w,) de < / fad(wy,) dz,
Q Q Q

the rest of the proof of this step is the same as in step 2 of the proof of
Theorem 3.1.

Step 3. Passing to the limit

This step is similarly to the step 3 of the proof of Theorem 3.1, by using the
Egorov’s theorem in the last term of (P)).

Remark 4.4: In the case where F' = 0, if we suppose that the second
mumber are nonnegative, then we obtain a nonnegative solution.

Indeed. If we take v = T),(u") (with h > ||¢]|) in (P), we have
/Qa(x,u, Vu)VTi(u— Ty(ub)) dz +/ g(x,u, Vu) Ty (u — Ty (u™)) da
/ [T (u — Ty (u™)) dr.
Since g(z, u, Vu)Ti(u — Tp(ut)) > 0, we deduce
/ o, u, Vi) VTe(u — Ta(u™)) da < / FTo(u — Ty(u™)) da,
we remarfli also, using f >0 '
/ fTe(u—Ty(u™)) de < / [Ti(u — Ty (u)) da.
Q {u>h}

On the other hand, by using (3.3), we conclude

N 0T (u)
L AGIVAL / _
« w; de < T (u—Ty(u)) dz.
/n;_f e [, T Tiw)

Letting h tend to infinity, we can easily conclude that, Ty(u~) =0, ¥V k£ > 0,
which implies u > 0.
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