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Diamond representations of sl(n)

DIDIER ARNAL
NaADIA BEL BARAKA
NorMAN J. WILDBERGER

Abstract

In [6], there is a graphic description of any irreducible, finite dimensional s[(3)
module. This construction, called diamond representation is very simple and can
be easily extended to the space of irreducible finite dimensional U, (s[(3))-modules.

In the present work, we generalize this construction to sl(n). We show it is in
fact a description of the reduced shape algebra, a quotient of the shape algebra of
sl(n). The basis used in [6] is thus naturally parametrized with the so called quasi
standard Young tableaux. To compute the matrix coefficients of the representation
in this basis, it is possible to use Groebner basis for the ideal of reduced Pliicker
relations defining the reduced shape algebra.

1. Introduction

In this paper, we consider the irreducible finite dimensional representa-
tions of the Lie algebra sl(n) = sl(n,C). Of course these representations
are well known and there are very explicit descriptions for them, for in-
stance in [2].

First, sl(n) acts naturally on C", its fundamental representations are
the natural actions on C", A2C",..., A""1C", they have highest weights
Wi, ..., wyp—1. Bach simple sl(n)-module has a highest weight A and this
highest weight characterizes the module. Note S* this module, it is a
submodule of the tensor product

Sym™ (C™) ® Sym™(A*C") @ - -- ® Sym»~1(A"~1C"),

ifA=awi 4+ ap_1wp_1.

The direct sum S® of all the simple modules has a natural realization as
the shape algebra of sl(n), i.e. as the algebra C[SL(n)]N" of polynomial
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functions on the group SL(n), which are invariant under the right mul-

tiplication by upper triangular matrices. Let g be an element in SL(n),
denote 52(5)“ (g) the determinant of the submatrix of g obtained by con-
sidering the s first columns of ¢ and the rows i; < --- < ig, then S°® is
(s)

U5y

quotient of C[0 (S)__.ﬂ-s] by the ideal P(J) generated by the Pliicker relations.

11,

generated as an algebra by the functions d; ", . More precisely, it is the

Generally a parametrization of a basis for S* is given by the set of semi-
standard Young tableaux T of shape A i.e. with a,_1 columns of size n—1,
..., a1 columns of size 1.

Using this description, we give here a natural ordering on the set of

)

variables 51%9,‘..,2‘3’ we determine the Groebner basis of P(4) for this order-

ing, getting the corresponding basis of the quotient as monomials §7, for
T semi-standard.

Thus the action of upper triangular matrices on this basis can be easily
computed. (See for instance the description given in [4]).

On the other hand, in [6], N. Wildberger gave a really different pre-
sentation of the simple s((3)-modules. This description is based on the
construction of the diamond cone for s((3), it is an infinite dimensional
indecomposable module for the Heisenberg Lie algebra with a very explicit
basis. The matrix coefficients are integral numbers and fixing the highest
weight A, it is easy to build the corresponding representation of s((3), on
the submodule generated by this vector in the diamond cone.

In this paper, we extend this presentation to sl(n). In fact the diamond
cone module is a quotient of the shape algebra. We call this quotient the

reduced shape algebra. It is the quotient of C[é(s) ;.] by the ideal Pr.cq()

T genes
sum of the ideal of Pliicker relations and the ideal generated by (5%5) < — L.

With the same approach as above, we define a new ordering on the vari-
ables (51(;9)%, with this ordering, we can compute the Groebner basis for
Pr¢4(9) and the corresponding basis for the quotient : the set of monomials
o7, for some Young tableaux T called here quasi-standard. The action of
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DIAMOND FOR sl(n)

the upper triangular matrices on this basis is easy to compute : this gives
us the diamond cone for sl(n).

In order to refind the complete sl(n)-modules, we have to define a sym-
metry on each S* and on the corresponding submodule in the reduced
shape algebra. This symmetry exchanges the role of N* and N~ and we
get the complete sl(n) representation.

Unfortunately, this symmetry corresponds to a modification of the or-
dering on Young tableaux, thus, if n > 3 to a different basis in S*. The
n~ action on the first base is not so simple as in [6].

2. Usual (algebraic) presentation of the sl(n) simple modules

Let us consider the Lie algebra sl(n) = sl(n,C): it is the set of n x n
traceless matrices, i.e. the Lie algebra of the Lie group SL(n) of n x
n matrices, with determinant 1. The Cartan algebra b is the space of
diagonal matrices:

61 0
h=H= , HjE(C, 01+---+60,=0
0 O,
We put «;(H) = 6;. The root system of sl(n) is the set of linear form

on h generated by the o — «j, (i # j).
The usual basis A for the root system is given by :

A={o;— a1, 1=1,2,...,n—1}

The root space corresponding to the positive root n = o — o (1 < j) is
generated by the upper triangular matrix:

0
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The root space corresponding to —n is generated by lower triangular ma-
trix:

0
Y, = - ='X
n— T - n

0

these matrices generate sl(n) as a Lie algebra.
A weight X for sl(n) is a linear form :

01 0

n—1 n—1
A =Y aibi+ Y aify+ o+ an_10p 1.
0 0, i=1 i=2
If a1,...,a,—1 are positive integral numbers, we shall say that X\ is a
dominant integral weight. This is the case if and only if A\ is a linear
n—1
combination A = )’ ajw;, with positive integral coefficients a;, of the
j=1
fundamental weights:
01 0
wj=oq+- - +aj;: =0+ +0; (1<j<n-1).
0 O

The set of simple sl(n)-modules up to equivalence is isomorphic to the
set of dominant integral weights. More precisely, sl(n) acts naturally on
V = C" (with canonical basis ey, ...,e,), thus also on the totally anti-
symmetric tensor products A/V (5 =1,...,n — 1) and on the symmetric
tensor products Sym% (AJV) and finally on

Symm (V) ® Symaz(/\Qv) R ® Symanfl(/\nfl‘/)'

For each dominant integral weight A = ) a;wj;, the corresponding sim-
ple module S*(V) is the submodule of

Sym™ (V) @ Sym™(A?V) @ - - @ Sym®=1(A""1V).
generated by the vector:

v = (e1)" ®(e1Ne2)?®---®@(er A+ Nep1)m 1.
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DIAMOND FOR sl(n)

With this construction, we get each simple sl(n)-module, and two dis-
tinct weights A, A’ give rise to inequivalent simple s[(n)-modules.

Of course, this action can be exponentiated to a representation of
SL(n). Let us thus put

0 En

En 0

where ¢, = 1 if [§] is even and ¢, = e if (%] is odd. Then § belongs to
SL(n). In fact, this matrix, acting by adjoint action generates the longest
element of the Weyl group of SL(n). It corresponds to a change in the
choice of simple roots and nilpotent subalgebras n* and n™, if X = [x;;] is

a strictly upper triangular matrix, Q71 XQ = [x(n—&—l—i)(n—l-l—j)} is strictly
lower triangular. Let us put:

A = (en)™ @ (en Aen1)? @ @ (en A+ Aea)™ =g, N,

with [A| = a; +2a2+ -+ (n —1)a,_1. Then v is a lowest weight vector
in SNV).

3. The shape algebra: abstract algebraic presentation

Let us put:

S*(vV) =P srv).
A

Since we have an explicit realization of each highest weight vector, it is
possible to define a natural comultiplication A on S®(V), just by defining

A:SNV)— P sHV)@SY(V)
ptrv=A>A

as the unique sl(n)-morphism sending v* on

A = > e
ur=A>A
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A is cocommutative. The contragredient module (S*)* is naturally iden-
tified with S where ‘A = Y an_ijw; if A = S a;w;. By transposition, A
defines a commutative multiplication m on S*(V):
m="tA:SHV)2S" (V) — SH(WV).
By definition, if p =}, bjw;, v = 3, ¢jwy,
m(vu ® UU) — ¥ = PtV — 6111+61 R ® (61 Ao A en_l)bn—l‘i’cn,l.

Since each isotypic component of the SL(n) module S*(V') is simple the
multiplication m is characterized by this relation and the condition

m (SM(V) @S (V)) C SF(V).

We shall call shape algebra of SL(n) the algebra S®(V') equipped with
the above multiplication.

By construction the shape algebra is generated as an algebra by the
subspace V @ A2V @ --- @ A" V. Thus it is a quotient of the algebra
denoted in [2]:

AV) = Sym* (V@& A2V @ oA"Y
= @ Syma"—l(/\”AV) ® - @ Sym™ (V).

a1;...,0n—1

We define now the ideal of Pliicker relations: it is the ideal P of A®*(V)
generated by the vectors in Sym?(APV):

(eiy N---Neiy)(ejy Ao Nej, )+
p
(=D e Ay A NG A Negy)(eq, Aejy A Ae,)
/=1

and by the vectors in APV ®@ ATV (p > q)
(e N---Negy) (e, Ao+ Nej )+

p
D (D) e Ay Ao NE N Ne)(e, Aejy A Aeg,).
(=1

Theorem 3.1. (Characterization of S*(V')) The shape algebra S*(V') is
the quotient of A*(V') by the ideal P.
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DIAMOND FOR sl(n)

This theorem is well known. There is a complete proof in [2] p. 235, this
result is cited by Towber in [4] as a theorem due to Kostant.
We define a symmetry 7 in S*(V') just by putting:

T(v)=Qu if veS*V).

Since the multiplication is a morphism of s{(n) and SL(n) modules, 7(vv') =

7(v)7(v"). Especially, we can define the multiplication just as above by fix-
ing Vot = U(_M_“).
Now for each matrix A in sl(n), QAQ =T A is the matrix defined by a

central symmetry on the entries of A:
TA = [an+1,i’n+1,j] lf A = [am‘]

If A is the matrix X, for a positive root n = a; — a;, "X, = QX2 is the
matrix Y, if "7 is the positive root "n = ap11-j — apt1-; Then for each
v in S*:

(ToX,o7)(v) =QX,)Qv=Y,v

4. The shape algebra: geometric presentation

The shape algebra can also be viewed as an algebra of functions on a
quotient SL(n)/N* of the Lie group SL(n). Denote Nt the subgroup of
1 *

matrices nt = .
0 1
Let us consider the space C[SL(n)] = C|g;;]/(det — 1) of all polynomial

functions f with respect to the entries g;; of the matrix g € SL(n). There
is a SL(n) x SL(n) action on this space, defined as follows:

((g1,92)-F)(9) = f("91992)-

Since this space is generated by the invariant finite dimensional sub-
spaces of class of functions with degree less than N (N =0,1...), this ac-
tion is completely reducible in a sum of finite dimensional simple SL(n) x
SL(n) modules. The highest vector for these modules are class of functions
f such that:

flnfgnd) =f(g), nfeNT, nfeNT.
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But, let us consider the restriction of f to the dense set of the elements

g such that, for s =1,...,n, (5523(9) # 0. On this set, using the Gauss
method, we can reduce g to a diagonal matrix, getting:

01 (g) 0

n—1
5%,2,...?7171 (g)
572 L (9)

51 (g)

L ISy -

If f is a highest weight vector, its weight is (A, A) (A = )" a;w;), then f is
a polynomial function in the variables

2 n—1
), 0200 Al 1
51 (9)7 () . (n 2 (n— 1 )
0 (9) 5, n— 2( ) 5, 71(9)
homogeneous with degree a; +---+ap—1,a2+---+an—1,...,an-1,0, i.e.

the function f is a multiple of the function:
= (o) (06)" . (a1 )"

Acting with only the first factor SL(n) on these functions, we get all the
N7 right invariant polynomial functions on SL(n). Due to the form of the
bi-invariant functions f, these functions are polynomial functions in the
d-variables :

CISLMIN" ~ClBiy) _,,]/P (),
where P(0) is an ideal.

Acting on 6* (A = 3, a;w;) on the left by N~ = {(NT), we get polyno-
mial functions which contains only monomials of the form:

n

I
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DIAMOND FOR sl(n)

Let us call V% —1 the space of such functions. In view of our de-
scription, it is a simple module and the isotypic component of type A in
C[SL(n)|N".

Finally the usual pointwise multiplication of polynomial functions send
Vastn-1 @ Vbibnot jnto V(@14+01),(an—1+bn-1) Thus the above identi-
fication

§*(V) = ClSLm)",
characterized by v* — 6 is a morphism of algebra.

Proposition 4.1. (Geometric description of S*(V')) The shape algebra is
isomorphic to the algebra O(SL(n)/N*) of the regular functions on the
homogeneous space SL(n)/NT.

The ideal P(0) is the ideal generated by the Plicker relations written
on the & functions.

Remark 4.2. In this presentation of S*(V'), the SL(n) action on the el-
ements of the shape algebra, viewed as a polynomial function f is very
natural since it is just:

(9-1)(d") = f('99), g € SL(n), ¢’ € SL(n).

The symmetry 7 can be directly implemented in C[SL(n)]N". Indeed 7
is up to conjugation by 2, a morphism of SL(n) modules and the formula
T(er A Nes) =epen A+ Nenyis

becomes here

T((SS%,...,S) = €;5£fzn—1),...,(n+l—s)'

But, if we put for any regular function f on SL(n), (0f)(g) = f(Qg), we
define a bijection from C[SL(n)]N" into itself such that

g.8(f) =6 gQf) and 68 ) =)
Thus 7 = @ or:

(tf)(g) = f(Qg).

5. The shape algebra : Combinatorial presentation

The usual basis of S*(V') are parametrized by the semi standard Young
tableaux with shape A. Let us be more precize:
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We can naturally associate to each § variable a column C'

1
19

§C =

11,..0p

p

Then if we identify two Young tableaux which differ only by a permutation
of their columns, the set of Young tableaux defines a linear basis for the

algebra (C[5,(f)zs]

L

5T — 5(]91) 5(p2) 5(pk)

—
11;-- Jpl Ji,-- 7]1)2 Zlv---ygpk

(p1 < p2 < --- < pg). That means, we read the Young tableau from right
to left, using the following convention: if two different columns C and C’
have the same height p, we put in the first place in T" the column C if

Y A o . o . ./
Up = lpylp—1 = lp_15- -y br41 = bpyg, and iy <.

The Pliicker relations are quadratic in the § variables, they correspond
to linear combination of Young tableaux with two columns, for instance,
we get for s((3) the following relation between tableaux:

2) (1 2 2 113 2|1 112
5200 — o250+ 52a) — [ | _ . | ! |

In order to describe a basis for the quotient space:

s*(v) =l i)/ ps):

11,005

we will use the notion of Groebner basis [1].

Let us consider the algebra C[X7,..., X}] of polynomials in the vari-
ables X; and an ideal I of C[X7,..., Xi].

An ordering on the set {X* = X' ... X*, a € N¥} of monomials is a
monomial ordering if it is a well-ordering and if for all ¢ € N¥, Xxo+¢ >
Xbte if X¢ > X For instance, the lexicographic ordering on the words
aj - ..ag, which corresponds to the variables ordering X; > --- > X,
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the graded lexicographic ordering, taking into account a degree on some
variables, are monomial orderings (see [1]).

Suppose we fix a monomial ordering on the set of monomials, then any
polynomial g has an unique leading term LT'(g); the greatest monomial
happening in g for this ordering.

Definition 5.1. A finite subset {g1,...,gx} of an ideal I is said to be a
reduced Groebner basis for I if and only if the leading term of any element
of I is divisible by one of the leading term of g;, if the coefficient of LT'(g;)
is 1 for every ¢ and if for all g; no monomial of g; is divisible by the leading
term of some g; j # i.

For each monomial ordering and each ideal I, there is an unique reduced
Groebner basis for I [1]. Moreover, if {g1,...,gx} is a reduced Groebner
basis for I, then the set of (classes of) monomials which are not divis-
ible by any monomials LT(g;) (i = 1,...,k) is a basis for the quotient
ClX1,...,Xgl/I.

Following [2], we know there is in the ideal P () the following elements
for any p > q > r:

(») (9) (p) (»)
03y sigsernsipOg1rj2rerda T Z ié({il,A..,ip}\A)U{jl,...,jr}5AU{jr+1,...,jq} (%)
AC {il,...,ip}
H#A=r

where 5&?1,...,z'p}\A)u{jl,...,jT} = 0 if there is a repetition of some index and,
if {k1,...,kp} = ({ir,. .. ip} N A)U{j1,...,Jr} and ky < -+ < kp, then

(p) _ <(»
O(fit,resip NAY 1ot = Ot

Now if T is a tableau, if T' contains ¢; columns with height i (i =
1,...,n —1), we call shape of T" the (n — 1)-uplet

AT) = (01, ..., ly1).
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We first consider the (total) lexicographic ordering on the family of
shapes A = (01,...,0p—1)) < p=(my,...,my—1)) if and only if:
51 <ma

or

{1 =mq and f9 < moy

or

by =mq, bo=ma,...,.ln_o=mp_oand £, 1 < My_1.

For later use, let us now say that a shape A = (¢1,...,¢,_1) is included
in a shape g = (my,...,mu—1) (A C p) if for each 4, ¢; < m;. This defines
a partial ordering on shapes and of course A < p if A C p.

If we identify the shape A of a Young tableau with the highest weight
of the representation V* containing 67, then the ordering A\ C u coincides
with the usual (partial) ordering on the dual h* of the Cartan algebra b
defined by our choice of positive roots.

Moreover, we put an ordering on the variables 51-(11@ )lp by the following
relations:
s < 5@ 5 5n=1)
and 6 > 00 i iy = jp..yiren = jr and iy < .

We then put the following weighted lexicographic ordering on the mono-
mials 67: 67 < 67" if and only if A(T) < M(T”) or AM(T) = A(T") and
67 < 67" for the lexicographic ordering induced by the ordering of their
variables. Since lexicographic ordering is a monomial ordering, our order-
ing is also a monomial ordering.

Remark 5.2. In [2], an ordering << on Young tableaux having the same
shape is defined,in fact our ordering is the reverse ordering since:

67 < 6™ if and only if T << T.
Later on, we shall simply write 7' < T” instead of 67 < 67",
Recall that a Young tableau is semi standard if its entries are increas-

ing along each row (and strictly increasing along each column). It is well
known that the set of semi standard Young tableau gives a basis for

C[(sl(i)_”’ip]/P(é) (see [2] for instance).
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Our ordering defines an unique Groebner basis for P(J). We shall now
build this basis.

For any non semi standard Young tableau T with 2 columns, there
exists an element Q7 in P(6) of the form (x). This relation can be written
as:

n
Qr=6"+> 6" with 675 < 67 vj.
j=1
Each T} has the same shape as T' (A\(T;) = A(T")) but some of them can be
non semi standard. We repeat the construction for each non semi standard
T; and finally we get, for each non semi standard 7" with 2 columns, an
element Q7% in P(§) such that the leading term of Q%¢? is 67 and all the
monomials of Qg?d have the form ad?" with 7" semi standard and 67 < 67

Theorem 5.3. (The non semi standard Groebner basis)
The set

G= {Qged, S non semi standard with 2 columns}

is the reduced Groebner basis of P(6) for our ordering.

Proof. First denote by NS the set of all monomials 67 with 7" non semi
standard. Since each non semi standard 7" has 2 consecutive columns such
that the sub tableau defined by these 2 columns is non semi standard, 67
is divisible by one of the §°, i.e. by one of the leading term of Qg?d.

Thus the ideal < 6° > generated by the leading terms of G contains
the vector space span(N S).

Conversely let T be a semi standard Young tableau. Suppose 1" belongs
to the ideal < LT(P(0)) > generated by the leading terms of all the @ in

P(9). That means:
T =Q- " apd”.
T'<T
If any 7" is semi standard we keep this relation. If some of the 7" are non

semi standard, then 67 is in < 6° > thus in < LT(P(8)) > and we repeat
the construction for 67°. We get finally:

T T//
0" =Qo — E arnd” QoEP((s)
T"<T
T"semi standard
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This implies that
(5T + Z aT//(STN c P((s)
T//
But this is impossible, since the set {5T,T semi standard} is a basis for
C[éz(f,)_,,,ip]/P@) Thus:

< LT(P(0)) >= span(NS).

Moreover, since any monomial in Qg?d is either ¢° or apé? with T semi
standard, it cannot be divisible by a 6% with S’ # S, S’ non semi standard
with two columns. This proves our theorem. O

The usual basis of the shape algebra S*(V') by semi standard Young
tableaux can thus be described as a natural basis of the quotient of the

polynomial algebra (C[(S(p ) by the ideal of Pliicker relations, if we put

zl,...,ip]
the ordering < on the monomials 67 .

Especially, we can write the action of any element of the Lie algebra

)

sl(n) on any polynomial function with variables (52(19

Xo = Ejj i # j then X, acts on C[(;(P) ;| as the derivation:

21,5--52p

;. » for instance, if
P

_ 4 b ) — (v) of
Xaf = glo=of(eop s'Xa) = 3 EO{ir i NGDUY s

{ilv'“vip}m{ivj}:{j} 11 yeenylp
Finally, the Cartan algebra acts on f as the derivation
_d ¢ _ (p) of
Hf = %|s=0f(6$p sS'H) = (6; +-- + eip)5i1,.,.,¢p66(T
i1,

elp

)

01 0
if H = . This action defines the action on the quotient by

0 On

P(9), since we have a Groebner basis for the ideal P(9), the quotient
action on the basis of semi standard Young tableaux reduces to compute
the canonical form of the polynomial X, f or H f, this is easy to do with
some usual computer software.

As an illustration, we give on Figure 1 a graphic description of the N T
part of the adjoint representation S“17<2(C3) of sl(3) (see [3] for similar
presentation).

394



DIAMOND FOR sl(n)

(2,3)

(1,2)

FIGURE 1. The Nt part of the adjoint representation
Switw2 (C3) of sl(3)

If we change our Weyl chamber, we can repeat this construction, defin-
ing first anti semi standard tableaux as Young tableaux with entries
strictly decreasing in each column and decreasing in each row. Then we de-

) (now with i3 > ig > -+ > iy)

fine an ordering on the set of variables 51(18 s
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by putting:
s~ 52 5 .5 gt

and
5(13)

>0 iy = gy v = jr and iy > .
Let T be any anti semi standard tableau. We can associate to 1" a

monomial:

— :I:(;(Cl) 15(022)

1
ag, .07 G, ...a7

and exchange the variables corresponding to columns with equal height,
then we get another Young tableau 7" such that 67 = §7".
For instance:

412 2) ¢(2 2) ¢(2
= 3111”7 54(13)‘5%1):552)55,4)7 T =

or:

L

4]1]
T= 3

2

3 1 3 1
R L B
4

As this example shows, if n > 2, T” is generally not semi standard thus
our change of ordering on the variables ¢ defines a new Groebner basis on
the shape algebra if n > 2.

Now, the symmetry 7 corresponds to the following operation on tableaux
since:

(s) _ ss5(s)
7'(511,...,z's) = 525n+1—11,...,n+1—i5
We can define 7 directly on Young tableaux by replacing each entry a} of

Tbyn+1-— aé. The anti semi standard tableaux are exactly the image
by 7 of the semi standard ones.

6. The reduced shape algebra : Algebraic presentation

Let us keep our notations: V = C" is a complex vector space with dimen-
sion n. From now one, we shall study a quotient of the shape algebra S*(V).
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Definition 6.1. Let R be the ideal in the shape algebra generated by
the v* — 1:

Rt = (UZ“M —1=(e1)"(e1 Nea)®...(ex N+ Nep_1)™ — 1)
= (61—1,61/\82—1,...,61/\---/\6n_1—1>.
We call reduced shape algebra the quotient

Stea(V) =5 V) / g+

This reduced shape algebra is not a natural sl(n) module. Since the
ideal R is invariant under the action of the solvable group HN™ consist-
ing of upper triangular matrices in SL(n), the quotient is only a HN™*
module. The action of the Cartan group H is still diagonal, let us study
the N* (or n™) action on Sp,,(V)*.

Proposition 6.2. (S?

red

7t the canonical projection from S*(V) to S8,

(V)T is an indecomposable module) Denote by
(V)*. Then

e i) The space of vectors u € S® (V)1 such that ntu =0 is C1.

red

o ii) Se., (V)T is an indecomposable module.

e iii) For any \, the n* module SM(V') is equivalent to the submodule
™ (SNV)) of Spa(V)*F.

red
e ) For any p C X\, #* (S#(V)) is a submodule of © (S)‘(V)).

Proof. i) We know ([5] p. 317 for instance) that, in each S*(V'), the space
of vectors u such that ntu = 0 is exactly Cv*. This gives 4) in the quotient
S2,4(V)".

ii) Let u be a non zero vector in S?,,(V)™*, the n* module W generated
by u is finite dimensional since u is a finite sum of image through =+ of
weights vectors. The n™ action is locally nilpotent on S*(V), thus it is also
locally nilpotent on S?,,(V)", as a consequence W contains a non trivial
vector annhilated by n™. This vector is a multiple of 1. Thus any n™ sub-

module of S¢_, (V)" contains 1, S?,,(V)" is an indecomposable n™ module.
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iii) Let 7" be the restriction of 7+ to S* (V). It is a morphism of n* mod-
ules. If its kernel is not vanishing, thanks to Lie theorem, the n™ module
K er(ﬁj\“) contains a non zero vector annihilated by nt, this vector is a
multiple of v*, but 7 (v*) = 1 # 0. Thus 7y is an isomorphism of n™
modules.

iv) The relation p C A is equivalent to say there is a dominant integral
weight v such that A = g+ v. In S*(V), the multiplication by v” sends
SH#(V) into S*(V). In the quotient, this operation becomes the identity
mapping: 71 (uv”) = 7" (u) for any u in SH(V). O

Similarly, we define S?_,(V)™ as the quotient of S*(V') by the ideal R~
generated by {e, A+ Aepy1—s—1, s=1,...,n—1}. It isa HN~ module.
If we denote m~ the canonical morphism, we get the same proposition with

" instead of "+" everywhere.

7. The reduced shape algebra, Geometrical presentation

(») If

As above, we can write everything in term of the functions d;° ; .

R(6)7 is the ideal generated by (5%{0.)_.7[, — 1, we get:

+ (p)
S;ed(v)Jr ZC[SL(n’ C)]N /R((5>+ :C[én,,zp

oy + Plo)y

Suppose now f is a polynomial function, invariant with respect to the
right multiplication by NT. Then f is characterized by its restriction to
the dense open subset of SL(n) whose elements are the matrices g such
that 6%77_)..1)(9) = 0 for all p. On this set, by the use of the Gauss method,
we can write:

gﬁl 0 0 PN 0 1 a2 a1z ... Qip

gél géQ 0 0 0 1 agss ... Q2n
g= |9 b g - O[]0 0O 1 .. az

Ini Gn2 Inz -+ 9nn) |0 0O 1
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With, for all k£ < j:

k |
eng9) ()

9k = k=1 o Y955 T G-
5%,2,...)&—1(9) 59,2,...),3'71(9)

By N7 right invariance, we get

fg) =

N M(I)(‘Sggz),...,k_l,j(g),58‘.)“7j(g))

- I‘M (Ch%;nl) (I)cl,...,cn,l(55?2),...&—1,3‘(9)) 1;[ (5?)](9) _ 1)@'
] H<5§97--1-,j<9>>bj o2 Faanll (07 (9 1)

By definition, the functions ®., .., , and Fi, ., , are polynomial,
Fe, . ¢,y is right invariant by Nt and

Foo—f = (TI69 )7 =1) 1= X P TT (67, - 1)°

c1++cp-1>0 j

belongs to R(4)*. For any g in N~ any k < j, we have 5@.,/&—14‘(9) = gjk
and f(g) = Fo,..0(g). The restriction of f to N~ characterizes the function
Fy,.. 0. Fo,..0and f are in the same class modulo R(6)*. Conversely, any
polynomial function F(g;;) on N~ defines an unique function

F(9)=F@ 1 i(9)

in C[SL(n,C)|V . The restriction mapping is an isomorphism of algebra

between S?,_,(V)" and C[N~].
Remark 7.1. In this presentation of S?_,(V)", the N action on the ele-

ments of the reduced shape algebra is very natural since it is:
(9-f)(g") = f('99'), g€ NT, g e N™, feC[NT].

But since i /R(5)+ is simply C[(Sz(f,)...ﬂ‘p(ip > p)], we have also:

s (T :C[5§f’,)...,ip(ip > p)]

red

/ Prea(8)*
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where P,.4(5)" is the ideal generated by the reduced Pliicker relations i.e.
the Pliicker relations in which we replace the functions 58’_ )”7p by 1

Especially, if X, = E;j i < j then X, acts on (C[él(f’)m’ip (ip > p)] as the
derivation:

af |s Of(el'p S X )

B of ) of

=+ 557 + > 0y i\ DU o5
((LepN\EDUGY  {ineinn{ig}=(} it

{ir, i NG HU{i}#A{L, p}
The same construction for S7,,(V)™ gives:
R™(8) = 0 (R*(9))

is the ideal generated by the set {(5 (n—p+1) —eb}, Sy, (V)™ is the quo-
tient of C[SL(n)]N" (which is stablhzed by 0) by R™(6). The Gauss for-

mula allows to write:

/ /
911 g1 1 Q1n

if 57(1[:.)“7(717})“)(9) = 0 for any p.
And any f is characterized modulo R(6)™ by its restriction to:
ggj 1 1 ggj 0 €n
=e,NTQ =
1 0 0 1 En 0
Finally, if we put f(e,n™Q) = h(n"), we get S8, ,(V)~ ~ C[N*] with
the natural N~ action:

(g-h)(g1) = h(tggl)-
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Theorem 7.2. (The reduced shape algebras) The reduced shape algebras
are isomorphic to the algebra of polynomial functions on N~ (respextively
NT):

rea(V)" = C[N"] =C[n"]

s (V)" = C[NT] = C[n].

red

The last assertions of the theorem come from the observation that the
exponential mapping from the Lie algebra n~ (resp. n*) onto the Lie
group N~ (resp. N1) is a polynomial bijection with a polynomial inverse
mapping.

8. The reduced shape algebra: Combinatorial presentation

8.1. Super and quasi standard Young tableaux

In order to describe the restricted shape algebra and the restricted Pliicker
relations, we have to perform the quotient of the preceding construction
by the ideal generated by {5%‘;) < — 1}. On the Young tableaux this oper-
ation can be viewed as an ‘extraction of trivial columns’.

A column whose height is ¢ in a tableau is trivial if its entries are
1,2,...,¢, a Young tableau T is trivial if each column of T is trivial. Now
let T be a Young tableau (semi standard or not), we define the extraction
of trivial columns in 7T in the following manner:

Denote a;; the entries of T' (a;; is in the row ¢ and the column j, for
any j, aij < a(i4+1); and the heights c1,..., ¢ of the columns in T' are
decreasing). We say that the tableau 7T is reducible if

e there is a column j whose the s top entries are 1,2,...,s (a;; =1
for 1 <i<ys),

e on the right of the column j, there is a column j” with height s in
T (there is j > j such that c¢j = s),

o for any k> j,if cx_1 > s and ¢ > s, g1 4—1 > as k-

Let T be a reducible Young tableau, let j the smallest index and s the
largest index for which the above conditions hold. Let us suppress the
trivial top part of the column j and shift to the left the right parts of the
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s first rows (i.e. we shift to the left every a;; with 1 <1i < s and j < k),
then we get a Young tableau R;: the entries of R; are by, with

{ak(g+1) if 1<k<s and j</<t-—1
bre =

Ay if s<k or l<j.

If the number of column of T was t, then R; has ¢t — 1 column, more
precisely if the heights of the columns of T were: (c1,...,¢) and the
columns of heights s had the number j’,..., 5", then the heights of the
columns of Ry are (c},...,c;_;) with

{c%zck if 1<k<j”

¢ =cpp1 if jI<k<t-1

Simultaneously, we define Ly as the Young tableau with only one trivial
column with entries 1,...,s.

Now if Ry is reducible, we repeat the above operation, extracting a
second trivial column from Rj, getting two Young tableaux a trivial one
with two columns Ls and a Young tableau Ry with £ — 2 columns.

Repeating this construction, after m steps, we get a trivial Young
tableau L., with m columns and a Young tableau R,, with t —m columns.

This construction stops when the Young tableau R,, is not reducible
we say R,, is irreducible and call R,, the residue of T.

Definition 8.1. (Super, left and right Young tableaux) A super Young tableau
is a pair S = (L, R) of two Young tableaux, the left one L is a trivial Young
tableau, the right one, R is an irreducible Young tableau. L or R can be

the empty tableau without any column.

Our construction defines a mapping f (the extraction mapping) from
the set )V of Young tableaux into the set SUY of super Young tableaux

f(T) =8 = (L,R).

If A is the shape of T' and u, v the shapes of L and R, they corresponds
to some highest weights still denoted A, i and v. We have:

A=p+vr.
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Lemma 8.2. (f is surjective) The map f is a surjective mapping from Y
onto SUY .

Proof. Starting with an irreducible Young tableau R, we can insert to
it any family of trivial columns, say L = {Dy,..., Dy}, getting a new
tableau T'. We insert these columns in the following way: if the height of
D; is d;, we insert Dq,...,D; such that any column of T, after D; has
height strictly less then d;, the columns of T" before D; are the columns of
R with length at least d;, with their ordering and the column D; (j < 19).
Then T is a Young tableau. Of course, if £ > 0, T' is reducible.

If (L, R) is a super Young tableau, if {Ds,..., Dy} are the columns of
L, we shall write:

T = h(L,R).

Let us now try to extract a trivial column from this 7. Among the
columns of L, the first one is Dy with height d;. In T, this column is the
column p. Suppose the first trivial column extracted from 7T is the s top
elements of the column j, with j < p. Since R is irreducible, there is a
k > j such that Cqu > s, ckR > s and a§+1,k71 < af’k (we denote cf the
height of the column k£ and afj the i, j-entry in R). We choose the smallest
such k. Since we can now extract the trivial column from 7', there is, in
T, at least one new column, say D between the two columns k£ — 1, k£ in
R, which are now columns kq, k2 in 7. We choose for D the last one: D
is the column ko — 1 in T'. The height of D is c;‘g_l =d > c;‘gz = ckR > 5
and we get:

T R R T
st ho—1 =S+ 1< ag g1 S agy =gy,
We cannot extract the trivial column consisting of the s top elements of
the column j, with j < p. Of course, we can extract all the column p
of T. Thus, in the computing of f(T'), the first step is just to eliminate
the column D; from T, repeating this construction, we get f(T) = (L, R)
where L is the trivial tableau (D, ..., Dy). Thus
foh(L,R)=(L,R)

and f is a surjective mapping. (I
Definition 8.3. (Quasi standard tableaux) A super Young tableau S =
(L, R) is said quasi-standard if its right tableau R is semistandard.
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A Young tableau T is said quasi-standard if it is irreducible and semi-
standard.

Let us denote by QSY (resp. QY) the set of quasi standard super
Young tableaux (resp. quasi standard Young tableaux). Denote S) the
set of semistandard Young tableaux.

Lemma 8.4. (f is a bijection from SY onto QSY) The mapping f, when
restricted to SY is a one-to-one onto mapping from SY onto QS .

Proof. First it is clear that if T is semistandard, then each tableau in the
sequence Ry, ..., R, defined above is still semistandard, then f is a map

from S) to QS).

Now let S = (L, R) be an element of QS). Denote the rows of L by
(LY, ..., L), their lengths being ¢, ..., ¢, . Similarly, denote (LY,..., L))
the rows of R, their lengths being ¢/,...,¢!. We define the new tableau
T = g(S) as the tableau with the row ¢ contains (from left to right) ¢,
entries ¢, then the ¢/ entries of the row i of R. In fact, T is a Young tableau
since if aZj is an entry of T', it is either i or an entry of R (agj = afjf v if
all,

Ifaf; =i, thenaf; =i <i+1<al,,; Ifa]; = aﬁj_%, since £; > 0] 1,

Z7]
T _ R T _ R R R — T
i1 = O, 0 Gy =iy g < g SGGy g = G

T is semistandard: by construction each row in T is a increasing se-
quence of entries. g is a map from QSY to S).

are the entries of R). In any case, a;f':j > i

<a

The map g is the inverse mapping of f|sy. Indeed if T is semistandard,
if a column C' of T begins by a trivial part, then all the columns before C
begin with the same trivial part and suppressing the top of the first column
or the top of C is the same operation, thus to construct the sequence
Ry, ..., Ry, we just have to consider the first column at each step.

Starting with T' = ¢(5), we can extract at each step a trivial column
having the height of the corresponding column of L, but no more, since R
is irreducible. Thus f o g(S) = S, for any S € QSY.

Conversely, starting with a semistandard 7', we build first f(7') = (L, R)
and by construction the rows of L are the left part of the rows of T', thus
go f(T)=T. ]
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8.2. Quasi standard Young tableaux and Groebner basis

In this section we shall repeat the construction of section 5 but for the
ideal R(6)" and the quasi standard Young tableaux.

First, we choose the following elimination order on the variables §: defin-
ing the degree deg(él(f) ) as 1lifig > s (6515)

7 ;. is not trivial) and 0 if is = s

2
(51(5)15 is trivial), the degree of §7 is the sum of degree of each variables
and T > T" if and only if:

deg(67) > deg(6™")

or
deg(6T) = deg(6™") and T > T’ for the preceding ordering.
This ordering is a monomial ordering. Now we look for the leading terms

of elements in R(§)", for this ordering. We saw that the leading terms
of elements in P(4) for the preceding ordering were non semistandard
monomials.

Lemma 8.5. (The set (LT(R(8)"))) For this ordering, the set of leading
terms for elements in R(8)" is exactly the set:

(LT(R(6)™)) = {67, T non quasi standard}.

Proof. Let T be a non quasi standard tableau.
Case 1: T is non semi standard.

Then Tocontains a non semistandard tableau with two columns T9:
6T = 6Y6T". For T°, we saw there is a Pliicker relation Pro in P(§) whose
leading term for the ordering of section 5 was TY.

Case 1.1: T? contains a trivial column Cj, since T° is non semistandard,

it is its second column. 67" = 5&?.)“785((161),.“,%. But 5%3)8 is the leading

term of the element V, = 5&9.) 1 in R(8)". 67 is the leading term

.8

of Pp = 6U6\Y 4.V, which is in R(5)*.

Case 1.2: T° does not contain any trivial column. 5T = 65?_._ bsdé(i),,_,,ac
with ¢ > s, there is j such that a; > b;, we choose the largest such j, due

to our conventions of writing, if ¢ = s then j < s and a. > ¢, bs > s.
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Thus the relation Pro has the following form:

_ o sT0 (s) (c
Pro =46 AC{E;“’%} FO U0 by 1,50} O {ar st NAY b1t }
i #A=j
=" — 3 +6(9),
S<T°

S semi standard

If a tableau S in this relation contains a trivial column, i.e S = C1Cy with
C1 trivial, we replace S by Cs since

55 — 6 = V.52,
The expression Pro becomes P}Sd and 67 is the leading term of
Pr = Y Prge

which is in R(6)*. Let us remark that the non leading monomials agé” in
Pr satisty 6% < 67 and A(S) C A(T) if A\(S) is the shape of the tableau S.

Case 2: T is semi standard.

If T has only one column, this column is trivial. T is the leading term
of some Pr =67 —1in R(5)7.

Since T is semi standard the construction of the super Young tableau
f(T) begins with the extraction of the top s elements 1, ..., s of the first

column of T Let us look to the two first columns of T, CT and C¥. By
. T T
hYPOtheSlS’ 601 = 5§-?~1~)757as+17m7a617 602 = 55??-)--7b37bs+1 ----- ch and bs < Gst1-

Let us define 9T as the tableau with the following first columns C{7
and C97T:

5018T — 61501) , 5C§T — 6502)
1,- )

~~7b57as+1»-'~7acl ~~~»37bs+17~-~7bc2’
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the other columns of T being C/T = CT (i > 3). Let us write the Pliicker
relation corresponding to these two columns and s:

5T o 58T7
cl's (c1)
Z + H5 AU{bs+1, b 62}5({ 3oy $38s 1y nsbey JNA)U{DL,..,bs }
AC{l,...,5,a541,-,0cy } 123
A¢{17"'78}
#A=s
HEDIE I
A
Each term 674 in the sum has a second column containing a; with i > s,
T
thus a; > as41 > bs and 6,(4U){b tbey} < 6% §Ta < 6T,

If ¢y = s, deg(09T) < deg (™), (5T is the leading term of an element in
R(0)*. If ¢y > s, we repeat this construction for 9T, forgotting its first
column. We get the following element of R(5)™:

58T _ 682T_
POREEES | LR 5 51"

BU{C9+17 7003} ({ ”" 737b5+17""b62}\B)U{017"'7CS}
BC{1,000y8,b541500sbcy Ji>4

B#{1,...,s}
#B=s

50T _ 82T Z 5T

Each term 6”2 in the sum has a third column containing b; with i > s,

thus b; > bs11 > ¢ and 5;6){0 e} < 503?, 6T < 47T,

Repeating this operatlon we finally get an element in R(§)™ of the form:
66kT Z 5T

with 675 < 6T, A\(T}) € A(T) for all j, the column k + 1 of O*T is trivial,
deg(éakT) < deg(6T) and 67 is the leading term of an element of R(J)T.
O

Remark 8.6. The tableau O*T considered here is (perhaps up to a re-
ordering of the columns with height s) the tableau h(C, Ry) if C is the
first trivial column:

5¢ = 6

...8
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and R; the first step in the extraction process for 7'
We got an element of R(5)™:
ot =M —> 46T (R <T, T; <T, X(Tj) C X(T))

If Ry is quasi standard, we stop the process. If it is not the case, we
continue the extraction, getting new tableaux T} < R; < T. Finally we
get: T = g(L, R) with L # () and 67 — 6% — 3", axd} belonging to R()™,
R is quasi standard R < T, Tj, < T and A(T) C A(T"). We repeat this
operation for each non quasi standard T}; getting an element Pp = §7 —
6 — 3 apd™s with T, < T, \M(T},) C A(T) and Ty quasi standard. This
element Pr is in R(6)*.

We proved that each non quasi standard Young tableau is the lead-
ing term of an explicit element Pr of R(4)". Let us now prove that any
quasi standard Young tableau is not a leading term of an element in R(d)™.

Let A be a highest weight for sl(n) and V* the corresponding sim-
ple module. We saw that V* is naturally a sub-module of S®_,(V). More
precisely, V* is the space spanned by the classes modulo R(6)* of the
monomials 67 for all Young tableaux T of shape \. A basis for V* is given
by the classes of the monomials 67 for T semi standard with shape X in
the quotient C[§]/R(5)*. Let us consider the subspace W* of V* spanned
by the quasi standard and semi standard Young tableaux of shape A.

Let us start with the usual basis of V*: the set of classes modulo R(§)"
of 67, with T semi standard, with shape . This basis contains the basis
of W*: the set of classes modulo R(§)* of §7, with T semi standard
and quasi standard, with shape A. The other tableaux are T' = g(L, R),
L # (. We saw 07 — 6 = 3" a6 modulo R(6)* with T} quasi standard
T, < T and R is semi standard and quasi standard with shape u C A.

This proves that V? is a subspace of 3. W¥. But since ¢ is injective,
HCA

dimV* = 3 dim(WH) thus
HCA
VA =P
pCA
Let now T be a quasi standard Young tableau of shape \. Suppose §7
is the leading term of an element T + 3", axé’* in R(5)T, then using the
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first part of the proof, we can replace each 67 with a non quasi standard
Ty, by a linear combination of 675 with quasi standard T; modulo R(5).
Finally we get an element in R(§)" of the form T 4 37, b;0%5 with any
T; quasi standard and strictly smaller than 7" and A(T;) C A. But this is
impossible since the sum > W* is direct.
nCA

Finally, as in section 5, for each non quasi standard Young tableau, we

got an element in R(6)" of the form:

Pped =67 = a6
J
with 877 strictly smaller than 7 and quasi standard.

Let T be a non quasi standard tableau with shape A. We shall say that
T is minimal if it does not contain any non quasi standard tableau with
shape p g A. For instance a semi standard non quasi standard tableau
with one column or with 2 columns without trivial column are minimal.

If n < 3 there are no other semi standard, minimal, non quasi standard
tableaux, but if n > 4 there is semi standard, minimal, non quasi standard
tableau with at least 3 columns for instance:

Theorem 8.7. (The non quasi standard Groebner basis) The set

G= {P§6d, S semi standard minimal non quasi standard or S non

semi standard with 2 columns, without any trivial column}
is the reduced Groebner basis of R(8)™ for our ordering.

Proof. Let T be a non quasi standard tableau.

If T contains a trivial column C, 67 is divisible by 6¢ and C' is minimal
semi standard non quasi standard.

Suppose now 1" does not contain any trivial column.

If T is non semi standard, it contains a non semi standard tableau S

with 2 columns, without any trivial column.
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If T' is semi standard then by definition it contains a minimal non quasi
standard tableau S but thus S is semi standard.

Then:

< LT(R(0)T) > = {67, T non quasi standard}

= {monomial divisible by an element of G}.

Now each monomial in any Pge‘l of G which are not the leading term,
has the form ap 67 with T” quasi standard.

But if U € T”, then U is also quasi standard. Indeed, U is semi standard,
suppose U non quasi standard then U contains a first column

Ci=(1,2,...,8,G541,...,00,),

other columns
Ci = (bi,bay ... bsybsi1,...)
a last column
Cy=(c1,¢2,...,¢,) with t < s.

We can extract (1,2,...,s) from U.

Now, we can refind 7" from U by adding some columns before C1, be-
tween columns of U or after Cy. But T” is semi standard. By considering
each case for these new columns, we directly see that the top (1,2,...,s)
of columns C can still be extracted from 7" which is impossible since T’
is quasi standard.

Thus any monomial of Pge‘j
other PLe?.

is not divisible by the leading term of an-

This means that G is the reduced Groebner basis of R(§)" for our
ordering. O

The same result holds with the anti standard tableau, image by 7 of
the quasi standard tableaux.
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The anti quasi standard tableaux can be defined exactly as the quasi
standard tableaux by extracting ‘trivial’ top of columns like:

n
n—1

n—s

They are still the image by 7 of the quasi standard tableaux.

Remark 8.8. In fact, if n < 3, the quasi satndard Groebner basis is invari-
ant under the action of €. Similarly, with the symmetry 7, if we identify
7(T) with +7" with 7" the Young tableau such that (™) = §7", then T
quasi standard implies 77 quasi standard. In the study of s[(4) below, we
shall see this is no more true for n > 3.

On Figure 2 we picture the adjoint representation of s[(3) in Si’e 4 equipped
with its Groebner basis.

Our choice of basis gives rise to a more symmetric graph than the usual
choice described in section 5.

The same representation in S, _; equipped with its Groebner basis is
given on Figure 3. We resume our constructions by the two following
diagrams of Figures 4 and 5, where we denote by S) (resp. Q)Y, ASY,
AQY) the set of semi standard (resp. quasi standard, anti standard, anti
quasistandard) tableaux.
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(2,3)
1]3] 2]3]
3] 1 3]
1 1 1
2 1
-1
1 2 572
; H
3
1, V. -1
1 1
0 1 2]2

+
red

FIGURE 2. The adjoint representation of sl[(3) in §
equipped with its Groebner basis.
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3]3
(1,2) 11 1 0
)
1
1 /| 1
2
31
1]
) _
‘ 1 2 ‘1
2]2
211 ! 22| EIE]
1] 1]
(2,3)

FIGURE 3. The adjoint representation of sl(3) in S_,
equipped with its Groebner basis.
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AV)=ClVae(VAV)a

(VA AV)]

AV /p

T

21 ..... 211>>1/:
P(0)

.....

Veet(A Sy/ \d o)

DILE
CELOIT ) pis) 4 reoy)

6[61(8) Jis ]z <n+1l-s
' / red((s)_

Vect(AQY)

CY i Jivss
' / red( )

Vect(Q))

FIGURE 5.
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9. The sl(2) case

9.1. Representations of sl((2)

The sl(2)-simple modules are characterized by a highest weight a. More
precesely, the basis of s[(2) is:

01 1 0 0 0
Xe=lo o] m=lo B} =l
If a is a positive integer, the simple module 7% acting on the space V¢ is

a + 1-dimensional, with a basis v, (0 < n < a) and the matrices of the
action are:

0 1 0 0

0 0 2 0
Wa(Xa) = )

a

0 0

fa 0 0

0 a—2 0
' (Ha) = :

10 —a

0 0 0O O

a O 0O O
™ (Ya) =

K 1 0

There is only one fundamental representation, associated to the weight

wi. We realize it in the space generated by the functions 5%1)(9) = g11,

551)(9) = ¢g91. The other representations are realized on the space of ho-

mogeneous polynomial functions of degree a in these variables.

9.2. Shape and reduced shape algebra

There are no Pliicker relation between g1 and go1, thus the shape algebra
is isomorphic to the algebra

A*(V) = Clg11, g21] ~ S(V).
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The reduced shape algebra is the quotient by the ideal generated by g11—1.
Let us put:

{0 ) {9}

Then:
rea(V)™ = C[d3] = C[X],
The X, acts on a polynomial function as the operator:
0
Xo=—=.
“0X

We realize the s[(2)-diamond cone as the half line of the entire nodes
0,1,...,a,a + 1,..., at each node n, we put the quasi standard Young

tableau _ or the monomial X™. We have an explicit basis for

the representation of N* on the diamond cone defined by the action of
X4, pictured by the graph:

(€ Ot Ot Ot

0 [(2]...T2]

P

For any a > 0, we define the diamond D, as the graph generated by
X% the vector space V¢ as the vector space with basis the nodes of D,.

We saw that the anti semi standard (resp. the anti quasi standard) basis
can be identified with the semi standard (resp. the quasi standard) basis.

More precisely, a being fixed, the action of 7 on V?, denoted by 7(® is
defined as:

7_((1) (Xn) — xoen

(2] 12]) =212}

We can see 7(9) as the succession of four operations:
completion of the tableau T,

action of 7 on the complete tableau,

reordering the new tableau,

cancelling the trivial columns .
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For instance if a = 5, we get

compl([2]2]2]) =[1]1]2]2]2]

r(212]2]2]) =[2[2[1]1]1]

ord([2[2]1[1[1])=+T1[1[1]2]2]
cancell([1]1]1]2]2]) =[2]2]

We put:
Yo (X™) = (719 0 X, 0 7@)(X™) = (a — n) X"
and H, = [X,, Y,] or:
Hy(X")=[n+1)(a—n)—nla—n+1)|X" = (a—2n)X".

We finally complete the diamond D, by adding the edges corresponding
to the Y,-action.

10. The sl(3) case

10.1. Representations of s((3)

The s((3)-simple modules are characterized by their highest weight. More
precisely, the basis of s[(3) is:

0 1 0 0 00 0 01
Xo=10 0 0|, Xg=10 0 1|, Xois=[0 0 0],

0 0 0 0 00 0 00

1 0 O 0 0 O
Ha:O—107Hﬂ:010,

0 0 0 00 —1

0 0 0 0 00 0 00
Yo=|1 0 0], Y3=10 0 0, Yas=10 0 0.

0 0 0 010 100

The simple modules have non multiplicity free weights. We can describe
then by using the reduced shape algebra. The fundamental modules are
three dimensional, they are realized on the space V¥t = C? and V*2 =
A2C3.
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For each pair of natural integers, there is an unique irreducible represen-
tation m(a,b) with highest weight aw; + bws.

10.2. Shape and reduced shape algebra

Now we have just one Pliicker relation: let us put as above:

59) = g11, 551) = g21, 5§1) = g31

2 2 2
5%2) = g11922 — g12921, 5%3) = g11932 — 912031, 553) = 021932 — §22031-
Then the unique Pliicker relation is:

1 2 1 2 1 2
S8 58+ o052 0.

The shape algebra is the quotient of the algebra of polynomial functions
in these 6 variables by the above relation.

The reduced shape algebra is obtained by imposing 59) =1 and 5@ =
1.

An explicit basis for this module V(%) and the Xy, Yy, H; actions
on this basis can be found in [6] for instance. Let us briefly recall the
construction of [6].

One defines a diamond cone D in R? and a infinite dimensional vector

space V with basis:
B ={emns (m,n,t) e DCR}
={emmne, m,n>0, —-n<L<2m—n, m—2n<{l<m,
¢ = max(m,n) mod 2}.

The action of any X, on these vectors e, ,, ¢ is thus explicitely given in [6],
we shall refind and present this explicit form below. Now the irreducible
module V(®) with highest weight aw; + bws is the module generated by
the X, action on the highest weight vector e,y q+pa—b-

A basis for this module is an explicit subset B(®) of B. There is a
symmetry 7, ) on y(ab), T(a,b) (Bl@b)) = B(@b) and the Y;, H, actions are
defined as

Yn = T(a,b) @) )(77 (e] T(a,b)> HW = [XTI’Y;I]‘
See [6] for explicit formulas.
With our notations, we have:

0 0O
n:{[w 0 0]}, N:exp(n):{
u y 0
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sV = x, %”:%+u=a o3 =Y, %?Z%—UZE
rea(V)" = Clz, y,u]

60 + 4 - o52)

RUSEE U’E}/<U+E—XY>'

The quasi standard ordering on variables is:
5§1) > 5§1) > 6%) > 6%), or U>X>FE>Y.

Then the leading term for this basis is 551) (5%? = XY, thus we get the
basis:

{653 @)y =U"EX", u, e, xeNJ
{00 026 = U*EYY, u, e, ye N, y>0}.

Now the action of X,, X3 and X,;3 on these polynomials are the
following:

Xom g Sme Xo= gyt sw Xews =g
thus
Xo(X) =1, Xo(Y) =0, Xa(U)=0, Xo(E) =Y,
Xp(X) =0, Xp(Y)=1, XpU)=X, Xp(E) =0,
Xotp(X) =0,  Xopp(Y)=0, Xorp(U)=1, Xayp(E)=-1

Then the X, are acting by derivations, we refind the diamond cone, the
diamond D@ the vector space V(@) the symmetry T(a,b) and the com-
plete diamond graphs on D(®? described in [6] with the identification:

_m—t m—£ _ .

emme =U"""2 E 2 X™" ifm>n
m—+£ m—~e .

emmye =U"2 E 2 if m=n
m-+L n+4+4

mne=U"2 EM 72 Y™™ if m <n,
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our Groebner basis for S?_,(V)" coincides exactly with the basis B given
in [6].

10.3. X,, action, symmetry and Y, action

With our notations, we have the following identification between column
and variables X,U,Y, E:

X =89 —

U= —
Y =629 —

E=63(9) —

The unique reduced Pliicker relation is:

2] _

For instance, with these notations, the X, action on our basis is:

UtEeX?® (x> 0) | eUvTIEIX* 4 (e 4+ 2)U B X®L
U“E°YY (y > 0) eUvEetyvtl
or
Cmnt (m>n) | 2Len 1 pe1 + (m—n+ 5 e 1501
Em,n,l (n > m) (m - nTH) Em—1,nt

And the X3 action is:
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UtEcX?® (x> 0) w1 pex*—1
U“EYY (y>0) | uU* 1 ECXYY + yUuEeY Y1
or
€m,n,L (m > n) (n - mT_Z)em,nfl,Z
€m,n,L (n=m) | (n—m+ HTH)em,n—LK—H + (HTH)em,n—l,Z—l

For sl(3), our symmetry 7 on quasi standard Young tableaux induces a
very simple transformation on V()

Starting with a quasi standard Young tableau T with a’ columns of
height 1 and b columns of height 2, ¢/ < a and ¥ < b, as for sl(2), we
complete T' by adding a — a’ trivial columns [ T | and &' — b trivial columns

. Then we act with 7, we reorder the entries of each column and finally

we cancell the trivial columns. The resulting quasi standard tableau will
be denoted 7(@0)(T).

For instance if a =5 and b=3 and T =

2[2]3]

, we get:

W N
[OS NS

=

[O% RN
[O% BN

rG3(T) = 7'( 5

= T[T
[I[I[2]112]Z[3[3]
= 712[3

~ 212]2]3]3]
R
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With the polynomial notations, we get:
@) (grepe x vy = (o) gh-e y
F@d) (epe x®) = go-u gty y.
And with the notations of [6]:

7b _—
T(a )(emm,ﬁ) = €q+b—n,a+b—m,a—b+m—n—~L-

11. The sl(4) case

11.1. Representations of sl(4)

As above, we have simple roots «, # and ~y, with:

0100 000 0 000 0
000 0 0010 000 0
Xe=10 00 0> Xs=]0 00 o> =10 0 0 1
000 0 000 0 0000
Moreover we have positive roots o + (3, 8+ v and a + § + ~y, with:
0010 000 0
000 0 000 1
Xots=10 0 0 0| Xs+v=1{0 0 0 0"
000 0 000 0
0001
000 0
Xotpty =10 0 0 0
000 0
We put Y,, = tXn and
10 0 0] 00 0 0
0 -1 0 0 01 0 0
Ho=10 0 0 o/ =10 0 -1 0"
0 0 0 0 00 0 0
0 0 0 07
000 0
Hy=1p 0 1 0
000 -1

The fundamental representations are 4 and 6 dimensional, they are associ-
ated to the fundamental highest weight w; for the canonical representation
on V = C*, wy for the representation on AV and ws for the representa-
tion on AV. These fundamental representations are easy to describe, the
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reduction of the tensor product of any two of them is completely described
in [2]. Especially, we can get the Pliicker relations thanks to this decom-
position.

11.2. Shape and reduced shape algebra

Now we have 10 Pliicker relations: let us put as above:

. . g1 G2  9i3
1 2 3
o) =ga, &) = g’i gﬁ, 0N =lon 92 9
I 9kl k2 9k3

Then we have 4 Pliicker relations between the (1) and §(2):
062 58 + o5 o
06— 508+ 68—,
062 062 1 o002 o,
5§1)5§i) 5(1)5( ) +5( )5§2) —0.
There are also 4 relations between the 6 and §():
11 D5an — 31 D13 + 53 013 = 0,
12 011 — 013 S1z) + 313 135 = 0,
12 O5ss — 353 1z + 053 315 = 0.
S0, 5500+ 565 — 0
And one between the §():
5(2)5(2) _ 5§3)5§4) 4 5;4)5(? —0.
And finally one between the 6(2) and the §®):
S0, 068+ 6~ 6 — 0

The shape algebra is the quotient of the algebra of polynomial functions
in these 14 variables by the 10 above relations.
The reduced shape algebra is obtained by imposing 5( ) = 1, 5(2) =

and 585} =1
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With our notations:

0 0 00
- x 0 0 0
" =9lu y 00
w v z 0
and
1 0 00
x 1 0 0
N~ =exp(n™) = zy
x’t’ﬁl/—i_z% TYz yyz 1 0
w+7+7+7 ’U—F? z 1
Then we get:

o =1, 00 —w = X, o) = D ru =0, o) —w+ T+ T4 2

2 2 6
and
h=t ==z o= Y mw = T
2 6 2 2
and
2 2
, o1 :ylz’ 25§3)EJZ~/:Y,
2
(2) _ 1Yz U 2w 5@ TYE _yw =B
0oy 3 + 5 5 —w , Ogy 1 + uv — yw .
Now:

. (V)+ = (CI:‘/L‘7 y? Z’ u? /U7 w]

red

1 1 2 2 3 3
Clog”,. ., 8503 85, 13 O]

Pred<5)+
_ C[X,Y,Z,U,E,W,V,A,C,D,B]

/ Pluck
where Pluck is the ideal generated by the 10 polynomials:

Pluck =
(U-—XY+E D-XV+A B-UV+YA XB-UD + AE,
B-YD+EV, C—XW+UZ—-A,

VC—-DW+BZ, W—-YZ+V,C—EZ+D, YC—EW + B).
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Then we get the Groebner basis G:
{-B4+UV-YAXB-UD+ AE,—D+ XV — A,
—-U+XY—-E - C+XW-UZ+A,B-YD+EV,
VC-DW+BZ,-C+FEZ—-D,YC—-EW + B,
-W+YZ-V,-EB—EYA-UB+UYD,
UDW —UBZ — AEW — CB + AB}.
The leading terms of this basis are:
XY, XV, UV, BX, YZ, EZ, YC, VC, XW, EV, UDW, UDY.

Now the basis of our space, i.e. the nodes of the s[(4)-diamond are mono-
mials

XTYYZAWY VYU ECACC D Bb

with:
O=zxy=av=uww=br=yz=ez=yc=vc=2aw=ev
= udw = udy.
The action of our generators X, X3 and X, on these polynomials are:
Xa—ax—gaﬁ( )
x z
Xﬁ:ay+§8u 28 *an,

_ y
X7—8z+281,+<12+ )

Then we get:
Xo(X)=1, Xp(X)=0, X, (X)=0,
Xo(Y)=0, Xp¥Y)=1, X,(Y)=0,
Xa(Z)=0, Xp(2Z2)=0, X,(Z2)=1,
Xo(U)=0, XpU)=X, X,(U)=0,
Xo(E)=Y, Xg(E)=0, X, (E)=0,
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(V) =0, Xp(V)=0, X,(V)=Y,
Xa(A) =0, Xp(A4) =0, X,(4)

)

)

Xo(C) =W, X3(C)=0, X,(C)=0,
Xo(D)=V, Xg(D)=0, Xy(D)=V,
X.(B)=0, Xz(B)=D, X,(B)=0.

Thus the X, for n simple are acting on our basis of the reduced shape
algebra by giving linear combination with integral coefficients, indeed,
we find first such a linear combination on Z (even ZT) coefficients but
on monomials which are perhaps not all admissible, then we come back
to admissible monomials, using the reduced Pliicker relations, but these
relations are with coefficients 41, thus we finally get a combination of
monomials in the basis with coefficients in Z.

11.3. Symmetry

Now the symmetry 7 on Young tableaux does not induce a simple opera-
tion 7(@b:9) on the basis of the simple module V(@)

3

= ZU is an element of the basis of

For instance the tableau

EEE

V0.1 (see the figure below). Repeating the operation performed for s[(2)
and sl(3), we get:

3]
)

3]

compl (

and

RRECE

aGl
SEECE

i

2]

-

)

but this tableau is not quasi standard: the extraction of the trivial top
[ 1] of the first column is not trivial. Thus:

3] :_%_ T 3‘+E]

EIRENES
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or:
FAOD(ZU) = WX = -C - ZU + A.

We prefer to keep the new anti quasi standard Groebner basis to see T
as a global change of basis T.omp inside the reduced shape algebra and
to realize Y7, = Teompt XyTeompr by using the two basis. For instance in
V(101 the basis is:

{LX, U, A ZW,CWUWA,CU,CA,CX,ZU, ZA, ZX },
the image by 7eomp of this basis is:

{AC,UC, XC,C, WA, ZA, A, ZX, Z, X, 1, WX, W, WU}

The matrix of Y7 on this new basis is exactly the matrix of X;, in the old
one.
Figure 6 gives the presentation for the adjoint representation V(101 of

SL(4).
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(1,2)

[=]~]-

FIGURE 6. The adjoint representation V(101 of SL(4)
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