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L, ,~cohomology of warped cylinders

YAaroOsLAV KorPyLOvV

Abstract

We extend some results by Gol’dshtein, Kuz'minov, and Shvedov about the L,-
cohomology of warped cylinders to L, 4-cohomology for p # ¢. As an application,
we establish some sufficient conditions for the nontriviality of the L, o-torsion of a
surface of revolution.

Cohomologie L, , des cylindres tordus

Résumé
On généralise quelques résultats par Gol’dshtein, Kuz'minov et Shvedov sur
la cohomologie L, des cylindres tordus & cohomologie L, , pour p # ¢. Comme
application, on établit des conditions suffisantes pour la non-nullité de la torsion
L, 4 d’une surface de révolution.

1. Introduction

Let M be a Riemannian manifold. For 1 < p < oo and a positive con-
tinuous function o : M — R, denote by LJ(M,o) the Banach space of
measurable forms of degree j on M with the finite norm

{fM |w(z)[Po?(z) d:c}l/p if 1 <p< oo,

HwHLj(MO') =
D )
esssup ey lw(z)|o(z) if p = o0.

Here dz stands for the volume element of M and |w(z)| is the modulus
of the exterior form w(x). In the usual way, we also define the spaces
Lpioc(M).

Denote by DI(M) = Cgo’j (M) the space of smooth forms of degree j
on M having compact support included in Int M. A form 1 € L1} (M)

1,loc

Keywords: Differential form, L, 4-cohomology, L, ¢-torsion, warped cylinder.
Math. classification: 58 A12, 46E30.
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YA. KopyLov

is called the (weak) differential dw of w € L7, (M) if

1,loc
/w/\du: (—1)j+1/w/\u
U U

for every orientable domain U C Int M and every form u € DI M=i=1(p7)
having support in U.
For two weights o, oj4+1 on M, put

Wio(M, 05, 051) = {w € Li(M,07) | dw € L™ (M, 0541)}.
The space W%Q(M, 0j,0;+1) is endowed with the norm

HwHWg,q(Mﬁj,ajH) - HwHLi(Mﬂj) T "dw”Lg+1(Man+l).

If p = g then it is often more convenient to consider the equivalent norm

1/p
. _ p p
gty orsn = (102 ap + 1801 0p )

In the sequel we let VJ (M, 0, 0511) denote the closure of D7(M) in the
norm of Wg’q(M, 0j,0j41)- '

Given an arbitrary subset A C M, let W) (M, A,0j,0;41) be the
closure in Wg’q(M ,0j,0541) of the subspace spanned by all forms w €
qu(M ,0j,0j4+1) which vanish on some neighborhood of A (depending
onw). '

Let Z)(M,o;) be the subspace in W/ (M,0;,0;) that consists of all
forms w such that dw = 0 and let

Blj;,q(M’ O-jfl’o-]) = {0 € Wg,q(Ma O-jvo-j)
| =dyp for some 1 € Wg,gl(M, oj-1,05)}.
The spaces
leaq(M’ Jj_l’aj) = Z(g(M7 O—j)/B]];,q(Ma Jj—lvo—j)

and
Fi),q(Ma 0j—-1, Gj) = Zé (Mv Uj)/Pi),q(M7 0j—1, Uj)?

where Piq(M, 0j-1,0;) is the closure of B} (M, 0;1,0;) in LI(M, o)

(equivalently, in Wiq(M, 0j,0;5)) are called the jth Ly ,-cohomology and
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L, ;~COHOMOLOGY OF WARPED CYLINDERS

the jth reduced L, ,-cohomology of the Riemannian manifold M with
weights oj_1 and o;. The quotient space

T} (M,05-1,05) = B}, (M, 05-1,05) /By, (M, 0-1,05)
will be referred to as the L, 4-torsion of M with the given weights. Clearly,
the space Tg,q(M ,0j—1,0;) is isomorphic to the closure of the zero in
H}JLq(M, O’jfl,O'j).
Given a subset A C M, the relative nonreduced and reduced Ly -
cohomology spaces Hg’q(M, A ,0j_1,05) and F;AM, A,0j_1,05) are de-
fined as

H) (M, A 0j_1,05) = Z)(M, A, 0;)/B} (M,A,0;_1,0;)
and
F;q(M’ A7 0j5—-1, Uj) = Zg(Mv Aa O-j)/E?Lq(Mv A7 0j5-1, o-j)a

where the relative spaces Zg(M, A,o;) and ng(M, A,0j_1,05) are de-
fined as their absolute analogs above with the spaces Wg,q(M ,0j,0;) and
Wg;l(M, 0j—1,0;) replaced by the spaces

ngq(M’ A’ 0> U]) and Wg,gl(Ma Aa 051, Uj)

For p = ¢, we write the subscript p instead of p,p throughout. If the
weights involved in the definition of the corresponding space are equal to 1
then they will be omitted.

The spaces W), , and L, ,-cohomology were introduced at the begin-
ning of the 1980’s by Gol’dshtein, Kuz'minov, and Shvedov [3, 4, 5, 6, 7,
8], who obtained many results concerning W), ,-forms and especially L,-
cohomology. Later L, ,~cohomology was considered in [11, 12, 13, 14, 15,
17, 22).

In this paper, we, following [9, 10], look for conditions of the nontrivial-
ity of the L, ,-cohomology and L, ,-torsion on warped cylinders, a class of
warped products of Riemannian manifolds. By the warped product X < Y
of two Riemannian manifolds (X, gx) and (Y, gy') with the warping func-
tion f : X — Ry we mean the product manifold X x Y endowed with
the metric gx + f2(x)gy. If X = [a,b[ is a half-interval on the real line
then X x ;Y is referred to as the warped cylinder. The study of the Lo-
cohomology of warped cylinders was initiated by Cheeger [2].

The structure of the article is as follows. In Section 2, we adapt the
results of [9] about the L,-cohomology of a half-interval to the case p # g¢.
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After that, using these L, ,-results, in Section 3, we prove a partial L, 4-
generalization of Theorem 1 of [9] about the L,-cohomology of a warped
cylinder [a,b[x ;Y depending on the analytic properties of the function f.
As an application, we obtain an extension of the necessary condition for
the triviality of the L, ,-torsion of a surface of revolution in R"*2 [16]

_ ; 1_1_ 1
from the case p = g to arbitrary p,q such that e p <

2. Weighted L, ,-cohomology of a half-interval

Consider a half-interval [a,b], —o0o < a < b < oo and positive continuous
functions vg, v1 : [a,b[— R. For 1 < p,q < oo, the space Wz?,q([a, b, vo,v1)
can be identified with the space of the functions g € Ly([a, b[,vo) whose
weak derivative ¢’ € Ly([a,b[,v1). As above, endow qu([a, b, vo, v1) with
the norm

b 1/p b 1/q
lallwg s = ([ loPetae) 4 ([T optar)

From the classical Sobolev Embedding Theorem it follows that the func-
tions of the class W ([a, b[, vo,v1) are continuous on [a, b[. Consider also
the space

Wy o(la, bl {a}, vo,v1) = {f € W, ([a,b], {a},v0,v1) | f(a) = 0}.
We have
H;q([a,b[,vg,vl) = qu([a,b[, vl,Ul)/dwgq([a,b[,vo,vl);
H;,q([a,b[, {a},vo,v1) = qu([a,b[, {a},vl,vl)/dngq([a,b[, {a},vg,v1).

The spaces F;q([a, b, vo,v1) and F;q([a, b[,{a},vo,v1) are described sim-
ilarly.

We call the following assertion the lemma about the Hardy inequality [1,
10, 21]:

Lemma 2.1. Suppose that 1 < p,q < oo, %—l—% =1, 0,0 €[—00,00], In 3
18 the interval with endpoints o and 3, vg and v are continuous positive
functions on I, g. Then for the existence of a global constant C' such that

/ﬁ 1/p 1/q

p

dr gc/j\vl(t)g(t)wdt

w(® [ gty

[0}
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L, ;~COHOMOLOGY OF WARPED CYLINDERS

for every g € Ly(1ng,v1), it is necessary and sufficient that

vaq(aaﬁa Uoﬂ)l) < 0.
Here

1/p

l/q/}

B8
[ ooyt

[ mor-ar

«

Xp,q(avﬂa UOaUl) = Ssup {
TEI&,@

if p>gq;

Xp.g(@; B, v0, 1)
B
/.
ifp<q.

If p =1 (¢ = ) then the corresponding integral must be replaced by
€ss sup.

q

rq

[ o) i-var

p—1

[ ol ar

«

The constant x,4(c, 3, vo, v1) will be referred to as the Hardy constant.
The following lemma was proved in [9] for p = g and vy = v1. The proof
given in [9] holds for different p and ¢ and different vy and v;.

Lemma 2.2. Suppose that o, 3 € [—00,00], vo,v1 : In3 — R are posi-
tive continuous functions, and xp.q(, 3,v0,v1) = 00. Then there ezists a

nonnegative function h such that
B B T
/1ﬁﬂM@Mﬂ L/Uﬁﬂ/‘Mﬂﬁ

As in [9], Lemma 2 yields the following assertion.

P
< 00, dr| = oo.

Theorem 2.3. If vy, vi are positive continuous functions on [a,b] and
1< p,qg<oo then

(1) Hy ,([a,b], {a},vo, v1) = 0 <= Xp,q(a,b,v0,v1) < 00;

(2) H;q([a,b[,vo,v1)20<:>xp,q(a, b, vo, v1)< 00 o1 Xpq(b, a, vy, v1)<oo.

Let
0-A4%B%Cc o0 (2.1)
be an exact sequence of Banach complexes, i.e., complexes in the category

of Banach spaces and bounded linear operators. Sequence (2.1) yields an
exact sequence of the cohomology spaces

— HYYO) S HRA) S HEB) S HRYO) — ...

325



YA. KopyLov

with continuous operators 9%, ¢*, ¥* and a semi-exact sequence of the
reduced cohomology spaces

~FTO L EWETRB LA - 22

Under certain conditions, sequence (2.2) is exact at some terms (see [10,
18, 20]). In particular, Gol’dshtein, Kuz'minov, and Shvedov proved the
following assertion in [10, Theorem 1(1)]:

Lemma 2.4. If H*(C) is separated and dim O(H*~1(C)) < oo then the

— —x

sequence Fk_l(C) LA Fk(A) N Fk(B) g, Fk(C) is exact.

As was explained in [12], we can describe the jth weighted L,, ,-cohomo-
logy of an n-dimensional Riemannian manifold M with given weights o;_1
and o; in terms of Banach complexes. To this end, consider an arbitrary
sequence m = {po,p1,...,pn} C [1,00] with pj_1 = p and p; = ¢ and a
sequence of positive continuous weights o = {0} }}_, with the given o;_4
and o;. Given a subset A C M, put

WkM, A, 0) =W,

PksPk+1

(M, A, 0, 0%+1)-
Here we have assumed that p,+1 = p, and op41 = op.
Since the exterior differential is a bounded operator
d"L WY (M, A o) — WE(M, A, 0),
we obtain a Banach complex

0= WM, A o) B WM, A,0) — ... "5 WM, A,0) — 0. (2.3)

By the k-th L,-cohomology HE(M, A, o) (reduced k-th L,-cohomology

Ffr(M, A, 0)) of the Riemannian manifold M with respect to A with weight
o we mean the cohomology (reduced cohomology) of (2.3). Thus,

HE(M,A,0)=HY (M, A 0_1,0%)

and

HY(M, Ao)=H"

Pr—1,Pk (M’ A’ k-1, Uk)

for all k. In particular,
ng(Ma Aa U) = H]Z,q(Ma Aa 0j—1, Uj)>
Fgr(M, A, U) == Fiﬂ,q<M7 A, Jj—l; O'j).
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L, ;~COHOMOLOGY OF WARPED CYLINDERS

Take M = [a,b], A = {a}, 1 < p,q < oo, 7 = {p,q}, and a pair of
weights v = {vg,v1}. We have the following exact sequence of Banach
complexes:

0 — W ([a,b[, {a},v) > Wi([a,b],v) > H*({a}) — 0,

where H*({a}) is the complex with the only nontrivial term H°({a}) = R.
Here the mappings i and j are defined as follows: j is the inclusion mapping;
if ¢ € W9([a,b[,v) then ig = g(a) (recall that g is continuous) and in
dimension one j is zero. Lemma 2.4 yields the exact sequence

R = H'({a}) 2 T ,(a,b], {a}, vo, v1) 1> ), ([a, b], vo, vn).

Thus, we infer the following assertion, proved for p = ¢ in [9]. With
what has been said above, the proof of [9] extends to the case of p # ¢
without change.

Theorem 2.5. If vy, v1 are positive continuous functions on [a,b[, 1 <

p<oo,1<q<oo,%+l:1then

ql
(1) H,,([a,b],v0,01) = 0;

_ b
(2) H;q([a,b[, {a},vo,v1) = 0 if and only if [v{? (t)dt = oo or

S —o

vl (t)dt < oc;
(3) If Hp4([a, b, {a},vo,v1) # O then
9:R=H"({a}) — H,([a,b], {a},vo, v1)

s an isomorphism.

3. L,,cohomology of the warped cylinder C’C{b

Let Y be an orientable manifold of dimension n, CC]: pY = [a,b[x Y. Put

Y, = {a} x Y. Generally speaking, C(J;b is a Lipschitz Riemannian mani-

fold in the sense of [3] but we will assume throughout for simplicity that

Y = O to make C’OJ; , smooth, which will be enough for our purposes.
Suppose that 1 < p < oo and 1 < g < o0.
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In [9], Gol'dshtein, Kuz'minov, and Shvedov introduced the bilinear
mapping
v LN (Y) x Ly(la B £ = L (CLLY),
v(p,gdt) = gdt A p. In [9] it was proved that v is continuous and if
¢ € Z)71(Y) then vy, = v(p,-) : L},([a,b[,fgfﬁl) — L%(C({bY) induces
continuous mappings
* 2 _j+1 j
vy s Hy(la,bf, fr 71 — HI(CLY);
7+ Hy([a, bl {a}, f»77"1) — H)(C],Y. Yo).
Supposing that ¢ € ZJ~1(Y)NZ)~1(Y), we similarly become convinced
that the mapping v, = v (¢, -) induces continuous mappings
* R_g+1 p2—j5+1 i
vg s Hy gla bl f2 =7 fa ) — Hp (G Y);
v Hy (bl {a}, fp 7 fa 0T — H] (CFLY V).
Now, assume that 1) € L;L,Jrl_j(Y) (' =;%) andw € LI(CqpY ). Write
w in the form w = wy + dt A wp, where w4, wp do not contain dt [10].
Following [9], introduce the continuous operator

pot LY(CL,Y) = Ly(la,bl, £+
by the formula

Popw = (/Y wp(t) A w>dt.

The following lemma was proved in [9] for p = ¢ and ¢ € Vpr,hj Jrl(Y).

The proof in [9] easily extends to p # ¢:

Lemma 3.1. If ¢ € D" 7YY and di) = 0 then uy induces continuous
mappings

Wi Hi(CLY) — HE ([a b, f7 7 fa77th);
~ % ] n_541 n_i41
il HY (CLY Vo) — H] (la, b, {a}, f2 770, a7t

We have the following theorem partially generalizing item 7 of Theo-
rem 1 in [9]:

Theorem 3.2. Suppose that Y is an orientable n-dimensional Riemann-
ian manifold, co < a < b < oo, f : [a,b]— R is a positive continu-
ous function, 1 < p < 00, 1 < ¢ < o0o0. Assume that there exists p €
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L, ;~COHOMOLOGY OF WARPED CYLINDERS

ZI7HY)YNZI7H(Y) such that [y, ¢ Ay # 0 for some form v € D"~I1(Y),
dy=0.

The following hold: '

(1) if xpgla: b, 27T fa 77T = oo then HJ ((CF Y. Ya) # 0:

(2) if Xp,qla,b, fgijJrl, fgijJrl) = o0 and Xp4(b, a, f%7j+17 f%7j+1):
oo then Tqu(C’l{’bY) # 0 and, hence, dim Hqu(C’ibY) = 0.

Proof. Let ¢ € ZJ"HY) N ZI71(Y) be a cocycle having the property
mentioned in the theorem and let v € D" 9*1(M) be a form such that
Jy e Ay = 1. Then pZ o vy = id, i} o 7, = id [9]. Consequently, the
mappings

v s Hi oo 0 f5 770 3790 - Y (Cy)

and
75+ Hyo(la, bl {a}, fo 770 fa M) — m (Ol v,)
are injective. ‘ A
Suppose that x,4(a,b, fE_jH,f?_]H) = oo. Then, by Theorem 2.3,
H} ([a,b], {a}, f» 7% fa77T1) £ 0. Therefore, Hg7q(Cg7bY, Y,) # 0.
Assume now that

n_g41 g4
Xpg(a, b, fr 7 fa Ty = o0

and

n_ 4 n_ 4
Xpg(bya, fr 94 pamIty — o0,

Then, by Theorem 2.3, H;vq([a, b, f%_ﬂl,f%_‘jﬂ) # 0. Since, by Theo-
rem 2.5, Fp,q([a,b[,f%_]ﬂ,f%_ﬁl) = 0, we have

7! ((a b, fr 71 fa7 Tty 0.

Now, if we had T&q(CibY) = 0, v, would be a continuous injective map-
ping with values in the Hausdorff space Hqu(CibY), and so the coho-
mology space H;’q([a,b[,f%_ﬂl,f%_jﬂ) would also be Hausdorff, i.e.,
without torsion. Thus, Tqu(CgﬂbY) = 0. The theorem is proved. O
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L, ,-torsion of a surface of revolution

Let M be a surface of revolution in R"*2, i.e., the (n + 1)-dimensional
surface defined by the equation

f2(561) :x%+"'+$$z+27 (xl,"'axn+2) 6Rn+27 x1 20, (31)

where f : [0, 00[— R is a positive smooth function. The manifold M is the
product [0, co[xS™ endowed with the metric

gv = (L4 f2(x1))dz? + f2(21)dy?

induced from R"*2 where dz? and dy? are the conventional Riemannian
metrics on [0, 00[ and the sphere S". In other words, M may be consid-
ered as the warped product [0,00[x S, where F' = fo G™!, G(z) =
Jo 1+ f2(t)dt.

In [17], we have proved the following fact:

Theorem 3.3. Suppose that f is unbounded, p,q € [1,00[, % -+ <

1<j<n+1. Then T} (M) #0.

_1
n+1’

D=

Kuz'minov and Shvedov [19] established that when f is bounded from
above, Tg(M) is zero for all j, 2 < j < n and that, for j = 1,n + 1,
the triviality of Tg (M) depends on the finiteness of some Hardy con-
stants. This is due to the connection between the L,-cohomology of the
warped product C’ibY and the weighted L,-cohomology of [a, b] given in
the mentioned papers [9, 10]. Above we have shown that there is a con-
nection of this type for L, ;-cohomology. Namely, by Theorem 3.2, since
S™ is compact and the de Rham cohomology H7~1(S") of S™ is nontrivial
if j =1,n+1, for Tqu(M) (j = 1,n+ 1) to be zero, it is necessary that
Xp,q(0, oo,F%ﬂH,F%*JH) < o0 or Xp,q(oo,O,F%ﬂH,F%ﬁH) < 0.

The main result of this section is a generalization of Theorems 2 and 2’
of [16] and is formulated as follows:

Theorem 3.4. Let M be the surface of revolution (3.1). Suppose that
1<p<oo,1<q< oo, %—% < . d €{lin+ 1} If T) (M) = 0 then

xlinolo f(z) =0 and vol M < 0.

Proof. Put k=5—-1,¢ = Wil.
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We have the following equalities:

Xg,q = Xp,q(07 0, F%7k7F%7k)

[ ot ) ([ - mwar)
=sup{</f ()T 7704 (0/f< O )T )

7>0

X qu(OOOFP ka_k)

’

- i‘;%{ (/ DN (7 N o .

ifp>gq;

Xog = Xpa(0,00, FrF Fa™F)
oo H(x) o -
</K/f T @1+ (0 ) | /f”—kp(t) 1+f'2(t)dt} -

H(x)

a—-p
ap

x 7GR (1) /1 + f/Z(z)dx> : (3.2)

n_p o n_p
X;Oq = Xp’q(OO,O,FP e )
H(z) q

p—1 . - <
</K/f L+ /20 ) O/f )1+ f (t)dt]

9a—p
ap

x 7GR 1) /1 + f/?(x)da;)

if p < q. Here H(x) is the function inverse to the arc length function

— & VIF Pt
The main element in the proof of Theorem 3.4 is the following lemma
which has some independent interest.

Lemma 3.5. Ifl——<
the following hold
(1) if Xpq < 00 o1 XpYy < 00 then lim f(t) = 0;

n+1,1<p<oo,1<q<oo,0§k‘§n,then
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rn 0 _ .
(2) z’fg—kgo then Xy, , = 00;
(3) if § —k =0 then xp3, = oo.

Proof. Suppose first that p > q.
Assume that Xg,q < 00. Then

/ PPN+ R () < o (3.3)

Since
RPN+ f2() = @) ()],

it follows that the integral

| s oa

B {n kPl hm (fn kp+1( t) — fnfkarl(O)) ifn— kp# —1,

lim 1 0} ifn—kp=—1 (34)
(108 (o) thn—~rp=

is finite.
There appear several possibilities:
(a) 5 —k > 0. The above implies that there exists a finite limit tlim f),
—00

which is zero by (3.3).
(b) % — k= 0. This is impossible in view of (3.3).
(c) —]% <% —k <0.Then n—kp+1> 0 and f(f) has a finite limit as

t — oo, which contradicts (3.3).

(d) 3 —k= —%. A contradiction to (3.3).

(e) ® —k < —1. In this case, n — kp < —1. Hence, lim f(t) = oo.
p p t—o00
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Note that, since 5 - < n—_H, we have k 4+ 1 > ”H +1> "H , whence

(7 - k)¢ +1>0. We 1nfer

Oofn_kp(t) 1+ f72(t)dt l/p Tf—(ﬁ—k)q’(t) 1+ f2(t)dt e
([ o wa) (]
> ([ s Idt)l/p(/ et <>|dt>”q'

oo 1/ T " , 1/q
et oa] | [ G @ o
0

(f" i (r >1/p 7T ) — R )
[n —kp+1] —(2—k)q +1
C- 5 I )L - G ) fER e (35)

>

1/¢'

v

ntl nitl
The last quantity in (3.5) is equivalent to Cf » ¢ ' (7) as 7 — oo and,

hence, tends to infinity. Therefore, X‘g,q = 00, and we obtain a contradic-
tion.
. O . o
Thus, if x, , < oo then }gr(l) f(t)=0and 3 —k > 0.

Suppose now that x,7, < oco. Then

/ Gk 14 f2(t)dt < o (3.6)

and, hence, there exists a finite integral

o
0

tlfgof —k)q +1(t)7ff(%*k)q/+1(0) ‘ . ,
- —T R -G —Rd 7L (3
lim log% if —(2 —k)g' =—1.
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As in the case x) , < 0o, we infer that either 2 —k <0 and hm flt) =

or (7 — k)¢ > 1 and tlgglo f(t) = co. In the latter case we have

~(B—R)g'+1 )\ 1/d
quzsup{<f m ( )>

1/p
>0\ 1= (3 = k)¢ }
n+1 n+1

—Csup{fT_iﬂ( )1 — frketdg) g (ko) 7y /p)

fnfkarl(T) _ fn*kp+l (0)
n—kp+1

where C = const > 0. Since k < "—H—1< "—H ,we have n — kp+1 > 0,
LH,L+

and, hence, the last quantity in (3.8) behaves like Cf » '(7) and,
consequently, tends to infinity as 7 — oo. Hence, X, = 00; a contradic-
tion.

Thus, if x5, < oo then %LII(l) f(t)=0and 2 —k <0.

We now pass to the case p < gq.

Suppose that xJ , < co. Then, as above, we have (3.3) and (3.4) and
conclude that either 7 —k > 0 and tlg(r)lo f(t) =0o0r 3 —k < —% and

tlim f(t) = co. Show that the latter case is impossible. By (3.2), we infer
—00

x

o= |/
0

[ ) 1 )| }
H(z)

x [T (@) 14 2 () de

)
]

-l ‘f_(z_k)qlﬂw(x” ) e ey )
_0 —(%—k‘)q’—i—l n—kp+1
X f*(%fk)q/(x) 1+f’2($)dx
W 9
F7<%7k)q/+1 s —Ff(%fk)qlﬂ 0 ot Fr—kp+l() |19 P __(n_pyo
:/ _(%)_k)q”ﬂ - Wﬁ) FGMY 5y ds
0
/ s)[1 — F~G R+ ) pla =R 15y 145, (3.9)
0
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Here C = const > 0 and
N = ((—(n—k)q/+1>(p—1)+n—kp+1>q— (n—k>q/
q q—7p q

—1 1 —1 1

_[(1_19 ) q }H_KQ@ )_p> a . }H Pq
q—=1/q—p q—1 q—1 q—p q—=11 q—-p

—n—k+-21 >0

q—7p
Moreover, ( —k)qg'—1 < 0, since 2 s < ”TH < "H < k. Consequently, the
expression under the last integral in (3.9) is equ1valent to CF" R+ (S),
i.e., tends to co as s — oo and, thus, the integral does not exist. A con-
tradiction.

Suppose now that x5, < oo. Then we have (3.6) and (3.7) and infer
that, in this case, elther —k < 0and hm ft)=00r ¢ (3 —k)>1and

thm f(t) = oc0. In the latter case, we 1nfer
— 00

oz || H/(x}“—’w(wf'@)dt\ [
o 0 H(x)

X f_(%_k)q,(x) 1 —I—f/2(33)d:v

p= l]qp

) e . (2-k)a"+1 1y 7%
e

x G (), 1 +f’2(w)drv

o) 1, -9
l ’F"-kp+1<s> o A HF T (s T A T
n—kp+1 — k)¢ +1

(e}
=C / FN(s)|1 — Fr=ketl0) F~ (ke (6)|ds.  (3.10)
0

Here, as above, C = const > 0, N = n — k + % > 0, and
—(n — kp +1) < 0. Thus, the expression under the integral is equiva-

lent to CankJr%(s), i.e., tends to infinity as s — oc.
Lemma 3.5 is completely proved. O
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Now, return to the proof of Theorem 3.4. Suppose that TI{Q(M ) =0 for
j=1or j =n+ 1. Then, by Theorem 3.2,

Xp.g(0, 00, Fp 1T Fa=itly < o0

(and, hence, [;° f(%_j“)l’(t)\/l + f2(t)dt < o) or

Xpg(00,0, Fp 1T Fa=ithy « o0

(and, hence, [5° f_(%_jﬂ)ql(t)\/l + f2(t)dt < o). By Lemma 3.5, this
implies that tlim f(t) = 0 and, in both cases,

vol M = s, /Ooo FH()\/1+ f2(t)dt < oc.

Here s, stands for the volume of the n-dimensional unit sphere in R™*1.
The theorem is proved. [l
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