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Abstract

Some of the properties, of the topology of uniform convergence on
the compactoid subsets of a non-Archimedean locally convex space
E, are studied. In case E is metrizable, the compactoid convergence
topology coincides with the finest locally convex topology which agrees
with o(E’, E) on equicontinuous sets.

1 Introduction

In (7] some of the properties of the topology of uniform convergence on the
compactoid subsets, of a non-Archimedean locally convex space, are inves-
tigated. In the same paper, the authors defined the e-product E¢F of two
non-Archimedean locally convex spaces E and F. EeF is the space of all
continuous linear operators of E,, to F' equipped with the topology of uni-
form convergence on the equicontinuous subsets of E’, where E, is the dual
space E’ of E endowed with the topology of uniform convergence on the com-
pactoid subsets of E. In this paper, we continue with the investigation of the
compactoid convergence topology 7. Among other things, we show that,
for metrizable E, 7, coincides with the topology 75, where 7 is the finest
locally convex topology on E’ which agrees with o(E’, E) on eguicontinuous

!Key words and phrases: compactoid set, e-product, polar space, nuclear operator.
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sets. We also prove that 7., hasa baselz at zero all sets W”(E"E), where W is
a T,-neighborhood of zero and W*F"5) denotes the o(E", E)-closure of W.
KT : Ew F is a nuclear (resp. compactoid) operator, then T”: Fl, — E!,
is nuclear (resp. compactoid). Also, if 7;: E; — F;, i = 1,2, are nuclear,
then

T= TlcTz : E16E2 o d F]CFQ, Tu= TbuT{,

is nuclear. Finally we show that 7., is compatible with the dual pair
< E',E > iff every closed compactoid subset of E is complete.

2 Preliminaries

Throughout this paper, K will stand for a complete non-Archimedean valued
field, whose valuation is non-trivial, and N for the set of natural numbers.
By a seminorm, on a vector space E over K, we will mean a non-Archimedean
seminorm.

Let now E be a locally convex space over K. The collection of all con-
tinuous seminorms on E will be denoted by cs(E). The algebraic dual, the
topological dual, and the completion of E will be denoted by E*, E’ and £
respectively. A seminorm p on E is called polar if

p=sup{|f]: f € E*,|f| <p},

where |f| is defined by |f|(z) = |f(x)|. The space E is called polar if its
topology is generated by a collection of polar seminorms. The edged hull
A°®, of an absolutely convex subset A of E, is defined by:

A® = A if the valuation of K is discrete and A° = N{AA : |A| > 1} if the
valuation is dense (see [10]). For a subset S of E, we denote by co(S) the
absolutely convex hull of S. A subset B of E is called compactoid if, for
each neighborhood V' of zero in E, there exists a finite subset S of E such
that

B Cco(S)+ V.

The space E is said to be of countable type if, for each p € cs(E), there
exists a countable subset S of E, such that the subspace [S] spanned by S
is p-dense in E.

A linear map T : E — F is called:
1) compactoid if there exists a neighborhood V of zero in E such that T(V)
is a compactoid subset of F.
2) compactifying if T(B) is compactoid in F for each bounded subset of E.
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3) nuclear if there exist a null sequence (\,) in K, a bounded sequence (y,)
in F and an equicontinuous sequence (f,;) in E’ such that

Tz = E Anfn(x)yn
n=1

for all z € E.

We will denote by E_, the dual space E’ of E equipped with the topology
of uniform convergence on the compactoid subsets of E. The e-product
EeF, of two locally convex spaces E, F is the space of all continuous linear
maps from E, to F endowed with the topology of uniform convergence
on the equicontinuous subsets of E’. For other notions, concerning non-
Archimedean locally convex spaces and for related results, we will refer to
(10].

We will need the following

Lemma 2.1 ([7, Lemma 2.6] ). Let E, F be Hausdorff polar quasi-complete
spaces and let T : E' — F be a linear map. If T is continuous with respect
to the weak topologies o(E',E) and o(F,F'), then T € EeF iff T maps
equicontinuous subsets of E' into compactoid subsets of F.

3 The topology 7,

Let E be a Hausdorff polar space. We will denote by 7, the finest locally
convex topology on E’ which agrees with o(E’, E) on equicontinuous sets.
It is easy to see that 7, is the locally convex topology which has as a base
at zero all absolutely convex subsets W of E’ with the folowing property:
For every equicontinous subset H of E' there exists a finite subset S of E
such that S°N H C W, where S° is the polar of S in E'. In case E is a
normed space, 7, coincides with the bounded weak star topology bw' (see
[12] or [13]).

Since a linear functional f on E' is 7,-continuous iff its restriction to ev-
ery equicontinuous subset of E' is o( E', E)-continuous we have the following

Proposition 3.1 If E is a Hausdorff polar space, then (E',7,) = E.
Proof. See the proof of Theorem 2 in [5].

The following Proposition for normed spaces was proved by Schikhof in
(12, Proposition 3.2].

Proposition 3.2 If F is a metrizable polar space, then (E',74) is of count-
able type.
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Proof. Let (V5) be a decreasing sequence of convex neighborhoods of zero
in E which is a base for the neighborhoods of zero. Then

=)

n=1

Let now ¢ be a 7,-continuous seminorm on E’ and set
Wm={2' € E': ¢(z') < 1/m}.

Each V} is a o(E’, E)-compactoid and hence a 7,- compactoid since V2 is
absolutely convex and 7, = o(E’, E) on V. Thus, for each m € N, there
exists a finite Sy, of E’ such that

V2 C co(Spm) + Wen.

Now, the set S = U, o Snm is countable and the space [S] is g-dense in E’.
This completes the proof.

Let now E be a Hausdorff polar space and let jg : E — E” the canonical
map. In the following Theorem, we will consider E as a vector subspace of
E” identifying E with its image under the canonical map. For a subset A of
E" we will denote by A® and A%, respectively, the polar and the bipolar of
A with respect to the pair < E”, E' >. If we consider on E” the topology
of uniform convergence on the equicontinuous subsets of E’, then E will be
a topological subspace of E”. In this case E” will have as a base at zero all
sets V® where V is a convex neighborhood of zero in E.

The proof of the next Proposition is an adaptation of the corresponding
proof for normed spaces given by Schikhof in {12, Proposition 3.3].

Proposition 3.3 Let E be a Hausdorff polar space and consider on E" the
topology of uniform convergence on the equicontinuous subsets of E'. If F
is the dual space of (E',7,) then F N E" coincides with the closure of E in
E". Thus, if F C E" (e.g if 75 is coarser than the topology of the strong
dual of E), then F =E.

Proof. Let ” € E and consider the set
W={z'eFE:|<z,2">|<1}.

For each convex neighborhood V of zero in E, there exists z,, € E such that
7" — z, € V%, Indexing the convex neighborhoods of zero in E by inverse
inclusion, we get a net (z,) in E. Let now Vg be a convex neighborhood of
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zeroin E and let p € K, u # 0. If V C uV, then z” — z, € uV® and so
| <2” -z, >| < |p| for all 2 € VO.

<z, >=<2 7 >

uniformly on Vg. Since each of the functions z’ —< x,,2' > is o(E', E)
-continuous on Vg, it follows that the restriction of z” to Vg is o(E’, E)-
continuous. This clearly proves that z” is 7,- continuous.

On the other hand, let z” € F N E” and let V be a convex neighborhood of
zero in E. Let |A] > 1 and set

D={z'€F:|<,2">|<1}.
There exists a finite subset S of E such that
s°nveca-p.

The set A = co(S) is a complete metrizable compactoid in (E”,c(E", E')).
Since V% is absolutely convex and o(E", E')-closed, it follows that (4 + V%0)®
is o(E", E')-closed by (11, Theorem 1.4]. Since

NV = (A+V)°,

we get that
D C (a+V)® = (4+v®)" = (W‘E”’E”)e = (a+v®)°

andso D°C A+V® C E+V®, Since z” € D°, it follows that z” € E,
which completes the proof.

As we will see in the next section, if E is metrizable, then 7, is coarser
than the strong topology on E’ and so in this case (E',7,) = E, a result
proved by Schikhof in [12] for normed spaces.

4 The Topology of Compactoid Convergence

For a locally convex space (E,7), we will denote by 7o, the topology of
compactoid convergence, i.e the topology on E’ of uniform convergence on
the compactoid subsets of E. We will denote (E',7,) by E.,. By [7, 3.3],
every equicontinuous subset of E’ is 7,,-compactoid.

Proposition 4.1 ([10, Lemma 10.6 ]) If E is a Hausdorff polar space, then
Teo = 0(E', E) on equicontinuous subsets of E'.
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Proposition 4.2 If every compactoid subset of E is metrizable, then T is
the topology of uniform convergence on the null sequences in E.

Proof. It follows from [10, Proposition 8.2], since for a metrizable com-
pactoid A, there exists a null sequence (z,) such that A C @5(X) where
X ={z,: neN}.

Corollary 4.3 0(E',E) < Tep < 7o
Example If E = co with the usual norm topology, then E' = I, and
Teo is the topology generated by the seminorms p., 2z = (zn) € co where
P2(T) = max, |2x2x| for £ = (zn) € loo. This follows from the fact that a
subset A of ¢ is compactoid iff

ACi={z€cp: |za] < |2] Yn}
for some z € cp.

Notation For a locally convex topology v on E', we will denote by 57
the locally convex topology on E' which has as a base at zero all sets of the

form WG(E"E), where W is a y-neighborhood of zero.
Theorem 4.4 If (E, ) is a Hausdorff polar space, then 7o = 75°.

Proof. Since 74 < 75, we have that

Teo = Too <75

On the other hand, let W be a convex 7,-neighborhood of zero. If V is a
polar neighborhood of zero in E and || > 1, then there exists a finite subset
S of E such that S°NV® C A~'W. Since S°NV?® = (co(S) + V)?, it follows
that
AW C (co(S) + V) = (co(S) + V)* € A (co(8) + V)
(by [10, Corollary 5.8]). Thus
WP C co(S) +V,

which shows that W? is a compactoid subset of E. Thus W% is a 7-
neighborhood of zero. Since

W = (7 ED Hwe =D,
and so woEE) is & 7o-neighborhood of zero. This completes the proof.

The following is a Banach-Dieudonné type Theorem for non-Archimedean
spaces (see (3, Theorem 10.1)).
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Theorem 4.5 If (E, ) is metrizeble polar space, then 1o = 74.

Proof. Let (V,,) be a decreasing sequence of convex neighborhoods of zero
in E which is a base at zero and let D be a convex 7,-neighborhood of zero
in E’. Since 7, is the finest locally convex topology on E' which agrees
with o(E’, E) on the sets V2, n € N, we may assume that there exists (by
(4, Theorem 5.2]) a sequence (Sp)neq of finite subsets of E such that for
Wn = S2 we have

D= Won(ﬁ (W,.+V,?)).

n==1

Since each W, + V2 is o(E’, E)-closed and since Wj is also o(E’, E)-closed,
it follows that D = EU(E B Now since 7., = 75° it follows that 7, < Teo.
This clearly completes the proof.

Corollary 4.6 Let E be a Hausdorff polar space and consider on E” the
topology of uniform convergence on the equicontinuous subsets of E'. Then:
a) 7o is polar and coarser than the strong topology on E'.
b) (E',7;) = E = E, where E is the closure of E in E".

Open Problems .

1) Is 7, always a polar topology ?

2)Is it always true that 7, = 74 ?

3) Is it always true that (E’,7,) C E” ?

The following Theorem gives a necessary and sufficient condition for the
topology Te to be compatible with the pair < E E>.

Theorem 4.7 For a Hausdorff polar space E, the following are equivalent:
(1) Teo is compatible with the pair < E',E >, i.e. (E',70) = E.

(2) Every closed (or equivalently weakly closed) compactoid subset of E is
complete.

(3) Every closed (or equivalently weakly closed) absolutely convez subset of
E is weakly complete.

Proof. First of all we observe that a compactoid subset of E is closed iff it
is weakly closed and that an absolutely convex compactoid is complete iff it
is weakly complete (by [10, Theorem 5.13]).

(1) = (2). Let Abe a closed compactoid subset of E. Since 7, is compatible
with the pair < E’, E >, it is the topology of uniform convergence on some
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special covering (by (12, Proposition 7.4]). Thus, there exists a weakly
bounded, weakly complete edged subset B of E such that B® C A°. Thus

ACA®CB® =B,

Since A% is an absolutely convex weakly complete subset of E, it is complete
and hence A is complete.

(2) = (3).1t is trivial.

(3) = (1). The proof is included in the proof of [6, Proposition 4.2].

Proposition 4.8 Let E be a Hausdorff polar space and let G be the dual
space of E',. Then

(1) G = U A

where A ranges over the family of all absolutely convex compactoid subsets
of E.

(2) If we consider on G the topology of uniform convergence on the equicon-
tinuous subsets of E', then E is a dense topological subspace of G.

Proof. (1) Since the topology of E, is coarser than the strong topology on
E', G is a vector subspace of E”. For a subset B of G we denote by B® and
B, respectively, the polar and the bipolar of B with respect to the pair
< G,E’' >. Let now 2" € G. There exists an absolutely convex compactoid
subset A of E such that

ACc{reE: |<d,z">|<1}

If |A] > 1, then
2" € A% C XATEE),

On the other hand, if z” € Z"(E"'E'), for some absolutely convex compactoid
subset A of E, then 2” € A® and so | < #/,z" > | < 1 for ' € A° which
implies that ” € G.

(2) Since the topology of E., is finer then the topology ¢(E’, E) and since
E is Haudorff and polar, it follows that E is a topological subspace of G.
It only remains to show that E is dense in G. So let 2’ € G. By (1),
2" € 27CF) for some absolutely convex compactoid subset A of E. Given
a convex neighborhood V of zero in F and |A| > 1, there exists a finite
subset S of E such that

A Cco(8) + A7V Cco(S) + A7V

Now

" e A% C (co(S) + A"‘Vm)m = (co(S) + z\“le)e
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and so

z” € Aco(S) + V®.
This clearly completes the proof.

By [7, 3.1], every equicontinuous subset of E’ is a compactoid set in E,.
Also, by Proposition 4.1, the topology of E., coincides with the topology
o(E’, E) on equicontinuous sets. We have the following

Proposition 4.9 Let (E, 1) be a Hausdor{f polar space and let v be a polar
locally convez topology on E' for which every equicontinuous subset of E'
is a compactoid set. If v is compatible with the pair < E',E >, then v is
coarser than Teo.

Proof. Since (E’,v)' = E and every equicontinuous subset H of E’ is 7-
compactoid, we have that v = o(E', E) on H and so ¥ < 7,. Thus

7= 7ED < o ED <o,

Proposition 4.10 Let E, F be polar Hausdor{f spaces and let T : E — F
be a continuous linear map. Then:
a) T is compactifying iff the map

T': F,— E,

is continuous, where Ey is the strong dual of E.
b) If T is compactifying and each closed compactoid subset of F is complete,
then T"(E") C F.

Proof. a) If T is compactifying and B is a bounded subset of E, then
D = T(B) is a compactoid subset of F and 7"(D°) C B°, which proves that
T': F,, — Ej is continuous. Conversely, let T" : F., — E} be continuous
and let B be a bounded subset of E. There exists a compactoid subset D
of F such that T"(D°) C B°. Now T(B) C D™ and so T(B) is compactoid
since D% is compactoid by [10, Theorem 5.3].
b) By (1], we have -

B = B

s

where B ranges over the family of all bounded subsets of E. Let now B be a
bounded absolutely convex subset of E. Since T" is continuous with respect
to the topologies o(E”, E’) and o(F”, F'), we have

1 (57") < By = 7By P,

143
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Let A = T(B) be the closure of T(B) in F. Since T is compactifying, the set
A is compactoid in F and hence A is complete by our hypothesis. Since A is
absolutely convex, it is o( F, F')-complete and hence it is o(F”, F')-complete.
Thus A is o(F", F')-closed and so

TEYF ) cTB c F
This clearly completes the proof.

Proposition 4.11 Let T : E — F be a linear operator, where E and F are
Hausdorff polar spaces. Then: (1) If T is continuous, then the adjoint map

T: F,— E,

is continuous.
(2) If T is compactoid, then

T : F,— E.,

8 compactoid.
Proof. (1) If A is a compactoid subset of E, then B = T'(A) is compactoid
in F and T"(B%) C A°.
(2) Assume that T is compactoid and let p € cs(E) be such that the set
A = T(V,) is compactoid in F' where

V, = {z€B: p(x) < 1}.
We will finish the proof by showing that 7Y(A°) is a compactoid subset of
E!,. So, let B be a compactoid subset of E. Since E is polar, it has the

approximation property (by [9, Theorem 5.4]). Thus there are g1,... ,gn in
E'and e,... ,e, in E such that

D (z - Zn: g,c(:c)e,c) <1
K=l

forall z € B. Let ¢x € (EL), éx(2’) = 2'(ex)-
Claim: For all y' € A® we have

T’y - Y ¢u(T'y)g9x € B°.
=1
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Indeed, let 3 € A® and z € B. Then

n
x— Z g‘c(x)en E %
r=1

and so
n

Tz — 2 gr(z)T(ex) € A.

r=1

Thus,

n

<Ty =3 6Ty )gx, 2 >=<y, Tz >~ Y (T'y)(ex)gx(2)
r=1

r=1

n n
=<y, Tz > - Z n(z) <y, Tex >=<y , Tz - Z ge(x)Tex >
n=1 r=1
which clearly proves our claim.
Now, there exists 4 € K such that ¢, € uVp for £ = 1,2,... ,n. If
y' € A®, then
loe(T'Y) = | <y, Tex > | < lul

Replacing ¢ by y~'¢x and gx by psgx, we may assume that |¢.(T'y’)| < 1
for all € A® and that

> n(T'y)gx € colgty .. ,gn).
=1

It follows that
T'(Ao) g CO(gl,... 1gﬂ) + Bo

which completes the proof.

Proposition 4.12 If E, F are Hausdorff polar spaces and T : E— F a
nuclear linear operator, then T’ : Fi, — E., is nuclear.

Proof. There exist a bounded sequence (y,) in F, an equicontinuous sequence
(fa) in E’ and a null sequence () in K such that

Tz = 3 Anfa(z)tn
n=1
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forall z in E. For ¢ € F’ and z € E, we have
o0 o0
<Tyz>=<y,Tr>=<y, Y Mnfal@lth >= Y Aafa(@)¥ (tn)-
n=1 n=1
Let |A| > 1 and choose un, € K with

lind < /1An] < 1Al

Let v € K, where v, = 0 if A\, = 0 and v, = At} otherwise. Let

On: Féo ~ K, ¢n(y') = ﬂmyl(yﬂ)'

Since A = {fiayn : n € N} is a compactoid subset of F, it follows that the
sequence (¢y,) is equicontinuous in (FZ,)". Also, (f») is a bounded sequence
in E/,. Indeed, the set

V={z€E: |fa(z)| <1Vn}
is a neighborhood of zero in E. If A is a compactoid (and hence bounded)
subset of E, then A C uV for some p in K, and so f, € uA°. Finally,

Ty = Z’Yn¢n(y’)fn
n=1

in E!,. In fact, let p € cs(E) be such that |f,] < p for all n. Let |u| >
sup{[Any'(yn)| : n € N}. Set

8p = Z’Ynﬁbn(y')fm

r=1

IfV ={y € E: p(y) <1}, then s, € uV°. Moreover s,(z) =< T'y',z >
for all z € E. Thus s, — T'y' in E’, since the topology of E, coincides
with o(E’, E) on pV? by proposition 4.1. Thus

Ty =Y méaly)fn

n=1

in E.,. Since (yn) is a null sequence, the result follows.
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5 On the e-product

Proposition 5.1 ([10, 5.1]) If E, F are Hausdorff polar spaces, then FeE
ts @ Hausdorff polar space.

As it is shown in [7], the e-product of two polar complete spaces is
complete. The following proposition shows that the same is true for quasi-
complete spaces.

Proposition 5.2 Let E, F be Hausdorf polar spaces. If E and F are qua-
sicomplete, then EeF is quasicomplete.

Proof. Let (ua) be a bounded Cauchy net in E¢F. For each f € E', the net
((ua(f)) is bounded and Cauchy in F and thus the limit lim u(f) exists.
Define

Ug : E’ooHF1u0(f) = lim uq(f).

Since the map u — v’ is a topological isomorphism between E¢F and FeE
(by [7, Theorem 3.3]), the net (/) is bounded in FeE. Define

v : Fop > E, vo(g) = limug(g).

Claim 1: ug is continuous with respect to the weak topologies o(E’, E) and
o(F, F'). Indeed, let S be a finite subset of F* and T = vo(S). For f € E'
and g € F', we have

lim<ua(f)ag>= lim<f1u:x(g) >

and so
<uo(f),g>=< f,v(g)>.
It follows from this that uo(T°) C S°.

Claim 2: For each equicontinuous subset H of E’, ug(H) is a compactoid
subset of F. In fact, let W be a convex neighborhood of zero in F. The set

D = {u€ EeF : uw(H) C W}

is a zero neighborhood in E¢F. Thus, there exists ag such that uy — ug €D
for @, B = ag. Since W is closed in F, it follows that uq(f) — uo(f) € W for
all f € H and all o > a. Since un,(H) is a compactoid subset of F, there
exsits a finite subset S of F such that

Uao(H) C co(S) + W.
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Thus
ug(H) C co(S) + W.

Now by claims 1, 2 and Lemma 2.1, we have that ug € EeF. Finally it is
easy to see that u, — ug in EeF.

For a Hausdorff polar space F, we denote by F the dual space of F,,
equipped with the topology of uniform convergence on the equicontinuous
subsets of F'. It is easy to see that if u € FeE, then the adjoint u’ belongs
to EeF. We will consider F as a topological subspace of F'.

Proposition 5.3 Let E, F be Hausdorff polar spaces. Then, the map u —
u', from FeE to EcF, is linear, continuous and one-to-one.

Proof. For a convex neighborhood V of F, we will let V® denote the bipolar
of V' with respect to the dual pair < F, F >. Sets of the form V® form a
base at zero in F'. Let now W and V be convex neighborhoods of zero in E
and F respectively and let

D = {ve EeF: o(W° C V).

If u € FeE is such that u(V°) C W, then v’ € D. This proves that the map
u — u' is continuous. The rest of the proof is trivial.

Proposition 5.4 Let E, F be Hausdorff polar spaces and let D be a com-
pactoid subset of FeE. Then:
(1) For every equicontinuous subset H of F', the set

D(H) = | u(H)
u€D
is a compactoid subset of E.
(2) If every closed compactoid subset of F' is complete, then D is an equicon-
tinuous subset of L(F},, E).
(3) If in both E and F the closed compactoid subsets are complete, then the
closure D of D in FeE is complete.

Proof. (1) Let H be an equicontinuous subset of F’. For each u € FeE the
set u(H) is compactoid. Let now W be a convex neighborhood of zero in
E. The set

U = {u€eFe¢E: u(H)C W}

is a neighborhood of zero in FeE and thus
DCeco(S)+U
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for some finite set S. If T = co(S), then T(H) is a compactoid subset E
and hence
T(H)C cofB) + W

for some finite subset B of E. Now
D(H) C co(B) + W.

(2) If every closed compactoid subset of F is complete, then F=F (by
Theorem 4.7) and so the set D' = {u’ : u € D} is a compactoid subset
of EcF by the preceding Proposition. Given a polar neighborhood W in
E, the set W0 is an equicontinuous subset of E’ and so A = D'(W?) is a
compactoid subset of F' by the first part of the proof. Moreover, for u € D,
we have

w(A) WP =w

which completes the proof of (2).

(3) The set D is a compactoid subset of F' € E. Let (uo) be a Cauchy net
in D. For each 2’ € F', the set D(z’) is compactoid in E and (un(z’)) is a
Cauchy net. By our hypothesis, the limit lim uq(z’) exists in E. Define

u: F'— E, u(z") = limu,(z’).

Claim: u € FeE. Indeed, u is linear. Also, given a polar neighborhood
W of zero in E, the set B = D' (W?°) is compactoid in F and D(B®) C W.
If 27 € BY there exists ap such that u(z’) — ug(z’) € W, for @ = ao,
and so u(z') € us(z') + W C W, which proves that u € FeE. If H is an
equicontinuous subset of F”, then there exists 3y such that (ua—ug)(H) C W
for a = B = Bo, and s0 (uq—u)(H) C W for o = (Bp. This proves that ug —

in FeE and the result follows. '

Theorem 5.5 Let Ey, Ey, Fy, F5 be Hausdorff polar spaces and letT; : E; —
F;,i=1,2, be continuous linear operators. Then: 1) The map

T = TieTy : EyeEy — FieFy, Tu = TouTy.

18 continuous.
2) If both Ty and T, are nuclear, then T is nuclear.

Proof. First of all we notice that, since

Tll : (Fll)w iand (E{)co
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is continuous, we have that Tu € FieF, for u € EjeFE5. To show that T is
continuous, let W be a convex neighborhood in F;, i = 1,2, and let

U={weFReF: w(W?) CWL}.
Let V; = T, 1 (W), i = 1,2, and set
D = {u € EieE,: u(Vlo) C Va}.

Then D is a neighborhood of zero in Eje¢E, and T(D) C U. This proves
that T is continuous.

2) Assume that both 7} and T, are nuclear. There are null sequences
(Ai), (1) in K, bounded sequences (y%) and (w;i) in Fi, Fy, respectively,
and equicontinuous sequences (f;), (g:;) in E{ and Ej such that

TII = ZAifi(z)yiv TQZ = Zu]gj(z)wj'
i J

As it is shown in the proof of proposition 4.12, we have
Ty =Y M(w)fi, ¥ € F,
i

where the series converges in (E})eo. Thus, for u € E) € E; and ¢’ € Fj, we
have

< Tu,y >=< Ty, Z MY () fi >= Z Ny (yi)Ta(u(f:))

= Z My’ (%) (Z u,-g,-(u(fi))wj) :
i 7

Let vi; € FieFy, vij(y') = y'(yi)w;. The double sequence (v;;) is bounded
in FieF,. Indeed, let W and V be convex neighborhoods of zero in F and
F respectively. Set

D = {v € FieF : U(Vo) C W}

Let 4 € K be such that y; € uV and w; € uW for all 4, j. Now, for ' € V?,
we have

v () = o ()w; € P’W
which proves that v;; € u2D. Also, let

hij : EreEy — K, hyj(u) = gj(u(fi))-
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The double sequence (hy;) is equicontinuous in (EjcE3)". Indeed, let Vi, W;
be convex neighborhoods of zero in Ej, Ey, respectively, such that f; € VP
and g; € WP for all i,5. If

Dy = {u€ EjeEy: u(VP) C wi},

then h;; € DY.
Let now 0 = 01 X 03 : N +— N x N be any bijection. Set

Tn = ’\01 (n)Ha3(n) gn(u) = hq (n)az(n) On = Vg, (n)oa(n)-
We will show that o
Tu = Z7ngn(u)¢m

n=1
where the series converges in FieF;. To this end, we may assume that
[Nl il < 1 for all4,j. Let V,W, Vi, W1, D and u be as above. For i € V?,
we have |y'(3:)| < |u| for all i. By Proposition 5.4, the set A = (V) is
compactoid and hence bounded in F. Since g; € WP and f; € V}, there
exists ¥ € K such that |g;(u(f;))| < || for all 4, j. It is now clear that there
exists ng such that if either i > ng or j > ng, then

Ay ()i gi (u(fi))w; € W

for all ¥ € V°. Since W is closed, we get that \iy/(y:)To(u(f)) € W, for
i > ng, and so, for y € V0, we have

no
< Tu, y' >= E A;y'(yi)Tg(u(f.-)) + v ,. veW.

i=1
For an analogous reason, we get that

o

no
<Tu,y' >=3 3 My (1) s (w(fi))w; +
=1 j=1

with v; € W. Let now mg be such that ¢;(n) > ng or o3(n) > ng if n > mo.
It is easy to see that for n > mg we have

n no mno

D ae(Wee(y) = 33 Mpshis(w)uii(y) € W
k=1 i=1j=1

and so

n
<Tuy > = wgu(u)du(y)) € W

r=1
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forall y € VO, i
n
Tu - Z Ixgr{t)ps € D

K=1

for n > mg. This clearly completes the proof.
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