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SOME STEINHAUS TYPE THEOREMS OVER VALUED FIELDS

par P.N. NATARAJAN

1. Preliminaries :

In this paper K denotes R (the field of real numbers) or C (the field of complex
numbers) or a complete, non-trivially valued, non-archimedean field as will be explicitly
stated depending on the context.

In the sequel, infinite matrices A = (ank),n,k = 1,2,... and sequences z = {z},
k = 1,2,... have their entries in K. If X,Y are two classes of sequences, we write (X,Y)
to denote the class of all infinite matrices A = (ank),n, k = 1,2, ... for which

Az = {(Az),} € Y whenever z = {z;} € X,
[ ]
where (Az), = Z ankTi,n =1,2,...,
k=1

it being assumed that the series on the right converge. The sequence Az = {(Az),} is

called the A-transform of z = {z}. The sequence spaces £, , p> 1, £o , ¢,co are
defined as usual i.e.,

o0
4 = {z={n} : Y lul <ocohp21;
k=1
le = fz={ms} : suple*|<oo};
k>1
¢c = {z={z} : klimxk=s for some s€ K};
co = {z={z:} : klim zi =0} .

Note that £, C ¢y C ¢ C £ where p > 1. For convenience we write £; = £. ({,¢c; P')
o0
denotes the class of all infinite matrices A € (¢,¢) such that lim (Az), = Zxk
n—o0
k=1

whenever z = {z4} € ¢.
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2. The case K=Ror C

When K = R or C, it is known ([11 ), p. 4, 17) that A = (anz) € (£, ) if and only if
(1) suplank| < o0}

n,k
and
(2) Lm apx = 6 exists, k=1,2,....
n—0o0

We now prove the following

THEOREM 2.1 :

When K = R or C,A € (£,¢; P') if and only if (1) holds and (2) holds with
3 &=1k=1,2,..

Proof. :
Let A € (¢,c ; P'). Let e; be the sequence in which 1 occurs in the k** place and 0
elsewhere, k = 1,2, ... i.e.,

o= {1},

where

e =1if i=k;
= 0, otherwise.

[o <}
Then ex € £,k = 1,2, ...,szk) = 1 and (Aex)n = ani so that ,,li_r,%oa"" =1, ie,
=1

0k =1,k =1,2,.... Thus (1) and (3) are necessary for 4 € (£,c ; P').

Conversely, let (1) and (3) hold. Let z = {4} € £. In view of (1), Z @nkT | converges,
k=1
n=1,2,.... Now,

(Ax)n = Zankxk

k=1
o0 o0

= Z(ank - Dz + th
k=1 k=1

oo oo
this being true since Z ankTi and Z z both converge.
k=1 k=1
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[o ]
Since Z |zk| < oo, given € > 0, there exists a positive integer N such that

k=1
> ferl < 5
(4) lx k‘ <57
k=N+1 24

where A = sup|anx — 1|. Since lim anx = 1,k = 1,2,...,, N, we can choose a positive
n,k n—00

integer N' > N such that

€
- >N k=
(5) lanx—1]< SN n>Nk=12,..N,
where M > 0 is such that |z¢| < M,k =1,2,.... Now, for n > N',
) N oo

1Y (@nk = Dael €Y lank =1 lorl+ D lanr— 1] lox|
k=1 k=1 k=N+1

€ €

— .—, in vi d
< N2NM M+ A 2A,mvuswof(tl)..'-),n (5)

= g,

[e o} [ <]
so that nIim Z(a,.k - 1)z =0. Thus lim (Az), = Emk.

k=1 k=1
Consequently A € (¢,c ; P') which completes the proof of the theorem.

When K = R or C, the Steinhaus theorem ([4 |, p. 187, Theorem 14) can be
written conveniently in the form (¢, ¢ ; P)N(€oo, ¢) = B, where (¢, ¢; P) denotes the class
of all infinite matrices A € (¢, ¢) such that Iin;o (Az)n = klim Tk.

We shall call such type of theorems as ”Steinhaus type theorems”. Such theorems
were considered in [2], [3 ], [8 ]. Using Theorem 1, we shall deduce one such theorem.

THEOREM 2.2 :
(£,c; P"YN (€, c) =0 whenever p > 1.

Proof. :
Suppose A = (anx) € (€,¢ ; P') N (€p,c) where p > 1. It is known ([11 ], p. 4, 16) that
A € (£,,c) whenever p > 1, if and only if (2) holds and

=)
(6) sup ) lan|? < o0,
" ok=1

1 o o]
where » + 1 = 1. It now follows that Z [6k]? < oo, which contradicts the fact that
9 k=1
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[ <]

b = 1,k = 1,2,..., since A € (£,c ;P') and consequently El&,[q diverges. This
k=1

establishes our claim.

Remark 2.3.
Since (£, ¢) C (¢, ¢) C (co,¢) C (£p,¢) where p > 1, we have (4,¢; P')N(X,c) =0,
when X = £, ¢,c¢q,£, where p> 1.

3. The case when K is a complete, non-trivially valued, non-archimedean
field.

For concepts and results in Analysis over complete, non-trivially valued, non-
archimedean fields, we refer to [1 ]. In this case, Steinhaus type theorems were consi-
deredin [6 ], [7 ], [8], [10 ].

When K is a complete, non-trivially valued, non-archimedean field, one can prove
that Theorem 2.1 continues to hold. In this case, if A = (ank) € (¢,¢ ; P') N (£, ),
then lim sup|anr — 1} = 0 (see [6 ], Theorem 2). So for any €,0 < € < 1, there exists

n-—oo kzl
a positive integer N such that
lank =1 < &,n > N,k=1,2,....

In particular, layx — 1| < ¢,k =1,2,....
Thus klim lank =1} <eie. ,|0—-1| < e (since A € (&,o,c),klim ak=0,n=12..
~+O0 — 00

by Theorem 2 of [6 ]) i.e. , 1,< ¢, a contradiction on the choice of . Consequently we
have :

Theorem 3.1
When K is a complete, non-trivially valued, non-archimedean field,

(,¢ ; P'YN (Loo,c) = 0.

Remark 3.2 : '
However, (¢,¢ ; P')N(c,c) # @ when K is a complete, non-trivially valued, non-
archimedean field, as the following example illustrates.

Consider the infinite matrix

A= (ank) =

Do e e e
P I
: |

N OO
e wWOo OO
I N N = =)
coocoo
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1.€.,0nF = 1,k<n-1
= —(n-1),k=n ;
= 0, otherwise.
[e o]
Then sup |ank| <1 < 00, lim apx = 1,k = 1,2,... and lim Za"k = 0 so that A €
ﬂ,k n—00 n—o00 k_—_l

(£,¢; P")N(¢c,c) (for criterion for A € (¢,c¢), see [5], [9]). Since (¢,c¢) C (co,¢) C (€p,¢)
where p > 1, it follows that (¢,¢; P') N (X,c) # 0, when X = ¢,¢o,¢, where p > 1.
This indicates a violent departure in when K is a non-archimedean valued field from

the case K = R or C.
(co, ¢ ; P') denotes the class of all infinite matrices A € (cq,¢) such that nlingo (Az), =

o (= <]
E z whenever z = {zx} € co. In this context it is worthwhile to note that Zxk
k=1 k=1
converges if and only if {z;} € co.

Remark 3.3 :
(co,c; P')=(€,c; P").

Proof.
Adapting the proof of Theorem 2.1, with suitable modifications for the non-archimedean

case, we have, A € (¢, c; P’)if and only if (1) and (3) hold. The result now follows.
4. General remarks

It is to be noted that £,,p > 1, co, ¢, £ are linear spaces with respect to coordinatewise

addition and scalar multiplication irrespective of how K is chosen. When K = Ror C,

Co,C, oo are Banach spaces with respect to the norm |z|| = sup |zi| where ¢ = {z} €
k>1

Co, ¢ or £, while they are non-archimedean Banach spaces under the above norm when
K is a complete, non-trivially valued, non-archimedean field.

Whatever be K, ¢, is a Banach space with respect to the norm
(e <]

llzl| = (Z Izkl”)l/p,m = {zx} € %,.

k=1
Whatever be K, if A = (aqx) € (¢,c; P'), then A is bounded and ||A|| = sup |ank|-
nk

However, (¢, ¢; P') is not a subspace of BL(¥,c), i.e. , the space of all bounded linear

mappings of £ into ¢, since lim 2a,x = 2,k = 1,2,... and consequently 24 ¢ (£, ¢ ; P")
n—oo

when A € (¢,¢c; P').

I thank the referee for his helpful comments which enabled me to present the
material in a better form.
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