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3-filiform Lie algebras of dimension 81

L.M. Camacho2 J.R. Gómez2 R.M. Navarro3

Ann. Math. Blaise Pascal, Vol. 6, N° 2, 1999, pp.1-13

Abstract

We give, up to isomorphism and in dimension 8, all the 3-filiform Lie algebras (whose
Goze’s invariant is (n - 3,1,1,1)). .

1 Introduction

The classification of finite dimensional complex Lie algebras is an open problem. Only
the seven (or less) dimensional nilpotent Lie algebras are classified. A general classification
seems very difficult. In fact, a recent result of Goze [11] shows that the general classification
of 2p or 2p + 1-dimensional Lie algebras is equivalent to the linear classification of (2,1)-
tensors in CP. This implies that the Jacobi conditions do not reduce the difficult problem
of classification of the (2, I)-tensors.

Except the 7-dimensional case, we know also the classification of filiform algebras up to
dimension 11 ([2], [8], [10]) or the general classification of 2-abelian filiform Lie algebras [9].
The results of Khakimdjanov [12] are very important for these classifications.

Cabezas, Gomez and Jimenez-Merchan [4], [6] and [5] generalize the notion of filiform
algebra to p-filiform algebra, which correspond to nilpotent algebras of Goze’s invariant
(n - p, 1,..., ,1) where n = dim (g)); hence, the filiform algebras are the I-filiform algebras
and the quasi-filiform algebras are the 2-filiform algebras. The authors above mentioned
also give the classification for high values of p (that is, close to the dimension of the algebra),
more exactly for the integer values of p between n - 4 and n - 2.

In [3], the (n - 5)-filiform Lie algebras with maximal derived subalgebra are classified.
In this way our first goal in this paper is to give an explicit description of the 3-filiform Lie
algebra in 8-dimension.

Goze’s invariant or characteristic sequence of the nilpotent Lie algebra g, denoted by
c(g), is defined to be : X E g - [g, g~~, where c(X) is the sequence, in decreasing
order, of dimensions of characteristic subspaces of the nilpotent operator ad(X’). Thus, the
filiform, quasifiliform and abelian Lie algebras of dimension n have as their Goze’s invariant
(~ - 1,1), (n - 2,1,1) and (1,1, ... ,1), respectively.

~Partially supported by the PAICYT, FQM143, of the Junta de Andalucia (Spain).
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3Dpto. de Matematicas. Univ. de Extremadura. Avda. de la Universidad S.N. 10071 Cáceres (Spain).
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2 Notation and Terminology

The notions and notations used in this paper are defined in [11].
Let g be a 3-filiform Lie algebra of dimension 8. We consider a characteristic vector

Xo E g - (g, g]. An adapted basis [11] is given by Y1, Y2} where
is a Jordan basis of ad(Xo). It satisfies (Xo, Xi] = Xi+l, i =

1, ... , 4 and = 0, j = 1,2. We denote by AL3F the set of complex 3-filiform Lie

algebras of dimension 8, AL3F(k) the subset of AL3F constituted of Lie algebras whose
derived subalgebra is of dimension k, AL3F(k,l) the subset of AL3F(k) for which elements
satisfy dim(Z(g)) = d, AL3F(k,-,m) the subset of AL3F(K) with dimD2(g) = m.

If g E AL3F will be given by the following brackets

[X0, Xi] 1  a  4

[Xi, Xi+1] 1 ~ i ~ 3

] 1  j  2

, ~ Y2]
An easy computation (using Jacobi’s identity) shows that the remaining brackets can

be found from the above mentioned.

In what follows, when we use subindexs i and j, then respective ranges of variation will
be 1  i  4 and 1  j  2, though we do not indicate it. The laws will be denoted by

C2, where C2 = C/R, being R the equivalence relation defined
by uRv ~ u = ±v.

3 3-filiform complex Lie algebras of dimension 8

1. Decomposable case

Proposition 3.1. Let g be a 6-dimension filiform Lie algebra. Then g = g ® C2 is a
8-dimension 3-filiform Lie algebra.

Let g be a 7 -dimension 2-filiform Lie algebra. Then g = g~C is a 8-dimension 3-filiform
Lie algebra.

The proof is obvious.
As we know the 6-dimensional Lie algebras and the 7-dimensional 2-filiform Lie alge-

bras, we can deduce the complete classification of decomposable 8-dimension 3-filiform Lie

algebras.
2. Non decomposable case.

Now, we consider only 3-filiform non-decomposable Lie algebras.

Lemma 3.2. [3] If g E AL3F there is an adapted basis satisfying

[Xo, Xi] = Xi+1
[X1, X2] = cX 4 + dXs + al Y1 + 03B12Y2

(1)  [X2, Xs] = -eXs - AYi - 03B22Y2
[X1, Yj] = a3jX3 + a2jX4 + a1jX5

[Y1, Y2] = b.x5
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with the restrictions following 03B1ka3j = 0; 2a32e - al b = o; 2a31e + a2b = o;

03B2ka3j = 0; 03B2ka2jc = 0; 03B2ka1j = 0; 03B2kb = 0; 03B21a21 + N2a22 =0, 1  1C  2

We can deduce that there exists three families of AL3F, pairwise non-isomorphic, whose
laws can be expressed, in a suitable adapted basis by

AL3F(6) : 
~ AL3F(5) : AL3F(4) :

[X0, Xi] = Xi+1 [X0, Xi] = Xi+1 [X0, Xi] = Xi+1

[X1, X2] = cX4 + Y1 [X1,X2] = cX4 + Y1 [X1,X2] = -cX4 + dX5[X2, X3] = -Y2 
[X1, Yi] = a 2jX4 + a 3jX5 [X1, Yj] = a 3jX3 + a2 jX4 + a1 jX5

[X1, Y1] = a21X4
03B2a1j = 0; 03B2a21 = 0; [Y1,Y2] = bX5ca21 = 0 03B2a22c = 0 a3je = 0

In fact, let A = ai a2 . We haveIn fact, let A = 03B21 03B22)
. We have

dim(D1(g)) = 4 + rank(A)

a) rank(A) = 2. We consider the change of basis

Y’1 = dX5 + 03B11Y1 + 03B12Y2
Y’2 = eX5 + 03B21Y1 + 03B22Y2

The relation (1) can be reduced to al = (~ = 1 and a2 = ,Ql = d = e = 0. This gives
the first family AL3F(6).
KINANI
b) rank(A) = 1. Always we can supposed 03B11 ~ 0. The change of basis

f Yi = dX5 + 03B11Y1 + 03B12Y2
Y’2 = Y2

permits to consider (ai, 0~2) = (1, 0) and ,Q2 = 0. We obtain AL3F(5).

c) rank(A) = 0. We find AL3F(4). .

Theorem 3.3. If g E AL~F(6), then it is isomorphic to one of the algebras, pairwise
non-isomorphic, that will be denoted by ~s, with 1  s  3.

Lemma 3.4. There exist three subfamilies of AL3F(5), pairwise non isomorphic, whose
laws can be expressed, in a suitable adapted basis by

AL3F(5, 3) : AL3F(5, 2) : : AL3F(5,1) :
[X0, Xi] = Xi+1

[X1,X2] = cX4 + Y1 [X0Xi] = Xi+1

[ X0, Xi] = Xi+1 [X2,X3] = -eX5 - 03B2Y1 [X1, X2] = cX4 + Y1
[X1, X2] = cX4 + Y1 [X1,Yj] 

= a2jX4 + a1jX5 [X2, X3] = -eX5
[X2, X3] = -eX5 - 03B2Y1 a21a12 - a22a11 = 0, [X1,Yj] = a2jX4 + a1jX5~i,j: aij ~ 0 

a12a21 - a22a1 1 ~ 003B2a1j = 0, 03B2a21 = 0, 
03B2a22c = 0
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Proof: It is easy to check that the dimension of the center of any Lie algebra g with

g E AL3F(5) depends of the rank of the matrix B = ( a21 a22 , Thus, we will consider" ’’ 

all a12
three cases:

(1) If rank(B) = 0 we lead to AL3F(5,3).

(2) If rank(B) == 1 this implicates that a21a12 - a22a11 = 0 with any a;j ~ 0 obtaining
of this form the family AL3F(5,2).

(3) If rank(B) = 2 then a21a12 - a22a11 ~ 0 from we can assert that (a21, a11, a12) ~
(0,0,0) what together to the above restrictions lead to ,Q = 0, and thus we obtain the family
AL3F(5,1). 0

We can note that if g E AL3F(5,3) then g is decomposable of the form g = g1 ~ C
with’ gi of dimension 7. These algebras are will known (see § 3.1). We find the algebras
~(5,i,1) ® C for s = 1 to 8.

Consider the case AL3F(5,2). We note that if a22 = a12 = 0 then a11 ~ 0 or a21 ~ 0.
The corresponding algebras are decomposable.

Theorem 3.5. If g E AL~F(5, ~), then it is isomorphic to one of the algebras, pairwise
non-isomorphic, of laws s(5,1,1,1) with 12  s  15 and the decomposable Lie algebras

s(5,1,1) 0 C, 9  s  18, s ~ 14 and C C2,

Proof: The nullity of Q is an invariant. In fact, is 2 if 03B2 = 0 and 3 if 03B2 ~ 0.

Case 1: (~i = 0) Making generic changes of basis,

Xf = Q0X0 + QlXl + Q2X2 + Q3X3 + Q4X4 + Q5X5 + Q6Y1 + Q7Y2

Y2 = SoXo + S1X1 + S2X2 + S3X3 + S4X4 + S5X5 + S6Y1 + S7Y2

the condition of change of basis for to remain (X~ 7~ 0) is

(Po + P1e)(P20 + P21a21)(P0Q1 - P1Q0) ~ 0

and for to remain into the family, ((Xi, X’3] = c’X5), we have to impose that: P0Q0 +
P1Q1a21 = 0, and the changes will be completed particularizing for some concrete values of

any parameter and the respective restrictions.
The new parameters are:

c’ = Q1c P20 + P21a21 
+ 

Pi(Qoc+Qlan) ) .

e’ = (P0e - P1a21)(P0Q1 - P1Q0) (P0 + P1e)(P20 + P21a21) ; a’21 = (P0Q1 - P1Q0)2 (P20 + P21a21)2 
a21.

We observe that the nullities of a21 and e2 + a21 are invariants of the algebra, indeed
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e,2 + a’21 = (P0Q1 - P1Q0)2 (P0 + P1e)2(P20 + P21a21) (e2 + a21)

2022 If a21= 0, to remain into the family: PiS7a22 + P0S3 = 0 and PoS4 + PiS3c + P1S4e +
P1S6a11 + P1S7a12 - P2S3e+ P2S7a22 = 0, and the condition of change of basis is P0Q1 (Po +
Pie)S7 ~ 0.

Thus, the parameters remain:

c, = Q1c P20 + P1Q1a11 P20(P0 + P1e); 
; e, = Q1e P0 + P1e

a’11 = Q21a11 P0(P0 + P1e)2; 
a’22 = S7a22 P30

;

a’12 = S6a11 + S7a12 P20(P0 + P1e)2 - P1S7a22(3P0c + P1a11) P50(P0 + P1e) - P31S7ce2a22 P60(P0 + P1e)2

Furthermore, the nullity of ce + aii is an invariant. In fact,

c’ e’ + a’11 = Q21 P20(P0 + P1e)
ce + a11)

By the above changes of basis we observe that the nullities of e, aii and a22 are invariants.
Taking into account that the dimension of the center is 1 together to fact that a21= 0, we
arrive at a22a11 = 0 with any 0.

Now, we show in a table the configuration of the parameters
a22 = 0 ~ a12 ~ 0

c = 0 a12 = 0a22 ~ 0 a12 ~ 0
a11 = 0

e=0 a22=0 ~ a12 ~ 0

a22 = 0 ~ a12 ~ 0c ~ 0
a22 ~ 0 (1) ~ a12 = 0

a11 ~ 0 (2) ~ c = 0; a22 = 0; a12 = 0

a22 = 0 ~ a12 ~ 0

c = 0 a12 = 0

a11 
= 0 

a22 ~ 0
a12 ~ 0

a22 = 0 ~ a12 ~ 0
e ~ 0 ea12 + ca22 ~ 0 (~ a12 = 0)e ~ 0 

a22 ~ 0 (3) 
ea12 + ca22 = 0 (~ a12 = - 

ca22
)ea12 + ca22 = 0 (~ a12 = - e

ce + a11 ~ 0 ~ c = 0; a22 = 0; a12 = 0
a11 ~ 0 (4) { ce + a11 = 0 ~ c = a11 e; a22 = 0; a12 = 0

where the cases (1), (2), (3) and (4) are described below

(1) e=a1=~~ ca22~~ 
.
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We choose Pi = j~ in order to obtain al2 = 0.
(2) e = 0, a11 ~ 0

By choosing Pi = -~ always can be supposed c = 0 and a22all = 0 ---~ a22 = 0.
Thus, taking ?6 we lead to a~2 = 0.

(3) On = 0, eca22 ~ 0
It is easily seen that e’a’12 + c’a’22 = 

Q1S7 P20(P0 + P1e)3
(ea12 + ca22) and so, its nullit Y is an

invariant. Thus, if ea12 + ca22 ~ 0, by a suitable choosing of can be obtained

a12 = 0. Otherwise, if ea12 + ca22 = 0 then ai2 ~ - ca22 .
e

(4) ea11 ~ 0, c’ = Q1(P0c+P1(ce+a11)) P20(P0+P1e) 
and, so the nullity of c depends on the

nullity of ce + aii. If ce + ali = 0, the nullity of c is an invariant and if ce + a11 ~ 0,
by substituting Pi = -~ we obtain c = 0 and in the same way S6 = -~~ lead to
a12 = 0.

At this point, is a laborious but simple process to verify that the only algebras or families
of algebras with a21 = 0, pairwise non-isomorphic, are the correspond to the enunciate,
previous changes of scale when they are needed.

. If a21 ~ 0, the change of basis given by (Xo = Xo, Xz = Xl, Eg = Yi, Y2 = a21 Y2 - a22Yi )
together to the restriction a21a12 - a22a11 = 0, let us suppose a22 = a12 = 0. In this case,
we can note that any algebra is decomposable of the form ~c~5,1,1) (B C for s = 12 to s = 18,

14, and 0 C with A E C2.

Case 2: (,Q ~ 0) Taking into account the restrictions, we obtain aii = a12 = a21 
= 0,

a22 ~ 0 ~ c = 0 and doing an suitable change of basis (X’0 = Xo; i X1= X1 - e 03B2a22Y2) we

can supposed e = 0. In this way, we arrive at 15(5,1,1,1), previous change of scale. D

Theorem 3.6. If g E AL3F(5,1~, then it is isomorphic to one of the algebras, pairwise
non-isomorphic, of laws us5?1,1,1 with 16  s - 25 and s ~ 21 or to one of the type ~~5;~ i,i)
with A E C2 . 

’ ’ ’ ’ ’

Proof: By the generic changes of basis used in Theorem 3.5 can be proved that the nullity
of a21 is an invariant.
. If a21 = 0 --~ Qo = 0, and from the condition of change of basis we can arrive at
a11a22 ~ 0 and thanks to the change of basis (Yi = Yi, Yz = ailY2 - ai2Yi) can be
supposed a12 = 0. The others parameters remain:

c’ = (P0 + P1e)Q1c + P1Q1a11 P20(P0 + P1e) ; e’ = 
Q1e P0 + P1e

under the restrictions: 

P0Q1(P0 + P1e) ~ 0;
PJS6all - 3P0P1S7(P0 + P1e)ca22 - P21S7(P0 + P1e)a11a22 - P31S7ce2a22 = 0

We observe that the nullities of e and ce + aii are invariants.
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’ if e = 0, choosing Pl = -P0c a11 (a11 ~ 0) we obtain c = 0 and

* ce + al l 5~ 0, choosing j?i we obtain c = 0, .

* ce + all = 0, then c = -!If. .
After all the above considerations, we can consider the following configuration for the

parameters:
e = 0 ~ c=0

a21 = 0 ~ a11a22 ~ 0; ) c = 0
~ a12 = 0 

e ~ 0 

c = -a11 e
obtaining the algebras s(5,1,1,1), with 16 ~ s  18, previous changes of scale.

. If 021 7~ 0, using a similar reasoning of Theorem 3.5 the nullity of e2 + a2r is invariant

and the change = Yi, Y2 = a21Y2 - a22Y1) let us suppose a22 = 0 and so a12 ~ O.
’ If e2 + a21 ~ 0, choosing JF~ = ~, we obtain e = 0.

By doing again the changes of basis together to the imposition of remain into the family,
that is e = 0, we have that Qo = Pl = 0, leading to

c’ = Q1c P20 ; a’11 = Q21a11
~0 ~0

obtaining ~~5~1,1,11, with 19  s  20 and with a E C2 previous changes of scale
when they are needed.
’ If e2 + a21 = 0 "’~ 021 = -e~; a 0. It is easy to see that the changes of basis used in
the proof of the Theorem 3.5 can be adapted because of there is not necessary to consider
the vector Y2 thanks to the fact that Y2 ~ C1(g) and a12 ~ 0. The nullities of a11 - ec
and all + 3ec hold, and now repeating the cases considered in Theorem 3.5 we obtain the
algebras ~~5?1~~~~i, with 22  s  25. 0

Lemma 3.7. There exist two subfamilies of AL3F(4), pairwise non-isomorphic, whose taws
can be expressed, in a suitable adapted basis by

AL3F(4, --, a) : AL3F(4, -,1) :

[X0, Xi] = i+ 1
[X0, Xi] = Xi+1

[X1, X2 = cX4 + dX5
[X1, X2] = cX4 + dx5 

[X1,X3] = cX5
[X1, X3] = cX5 [X1,X3] = cX5
[X1,X3] = cX5 

[X1 ,X4] = eX5
[X1,Y1] = a31X3 + a21X4 + a11X5 [X2,X3] = -eX5
[X1, Y2] = a22X4 + a12X5 

[X1, a11X5
[X2,Y1] = a31X4 + a21X5 

[X1, Y2] = a22X4 + a12X5[X2,Y2] = a22X5 
[X2, Y1] = a21X5

[X3, Y1] = a31 X5
[X2,Y2] = a22X5[Y1,Y2] = bX5 

[Y1,Y2] = bX5 e~0
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Proof: By tacking into account the restrictions of the family of laws AL3F(4), can be
supposed a32 = 0 (doing changes of basis when they are needed). The nullity of e is an
invariant, in fact is 0 if e = 0 and 1 if 0. 0

Theorem 3.8. If g E AL3F(4,-,0), then it is isomorplaic to one of the algebras, pairwise
non-isomorphic, of laws s(5,1,1,1) with 26  s  41, and the decomposable Lie algebras

s(5,1) ® C2, 1  s  3, s(5,1,1) ~ C, 19 ~ s  27.

Proof: Similar to precedents. 0

Theorem 3.9. If g E AL3F(4,-,1), then it is isomorphic to one of the algebras, pairwise
non-isomorphic, of laws s(5,1,1,1) with 42  s  47, and the decomposable Lae algebras

s(5,1) ® C2, 4  s  5, s(5,1,1) ~ C, 28 _ s _ 33.
Proof: Similar to precedents. D

4 List of laws

Continuously we will explicit the laws of each one of the algebras with Goze’s invariant
(5,1,1,1) in order to simplify their placing. We remind that it is only necessary to know
the following brackets:

[X0,Xi] 1 ~ i ~ 4
[Xi,Xi+1] 1 ~ i ~ 3

[~i~Y~] 1~_2

the remaining brackets can be found using Jacobi’s identity.
The used notations in the list of algebras can be see in [7]. By commodity, we include the

list of laws of any (n - 5)-filiform Lie algebra of dimension 6 and 7 (whose Goze’s invariant
are (5,1) ([10], [13]) and (5,1,1) ([1~), respectively).
AL3F(6):

1(5,1,1,1) : 2(5,1,1,1) : 3(5,1,1,1) :

[X0, Xi] = Xi+1 [X0,Xi] = Xi+1 [X0, Xi] = Xi+1
[X1,X2] = Y1 [X1, X2] = Y1 [X1, X2] = X4 + Y1
[X2, X3] = -Y2 [X2,X3] = -Y2 [X2,X3] = -Y2

[X1,Y1] = X4
AL3F(5):

AL3F(5,3):

® C, 1  s  8

AL3F(5,2):

4(5,1,1,1) : 5(5,1,1,1) : 6(5,1,1,1) :
[X0, Xi] = Xi+1 [X0, Xi] = Xi+1 [X0, Xi] = Xi+1

[X1,X2] = Y1 [X1,X2] = Y1 [X1,X2] = Y1~ ~Xl ~ x2~ = ~5 ( [Xl ~ ~2~ = X4 ~ ~~1 ~ Y2~ = x4 ’f’ x5
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~(5,1,1,1) ’ ~(5,1,1,1) ’ ~(5,1,1,1) ’

f f X 0, X i~ = r = ~ ~ 
f f ~’2 ~ X3 J = "X5[X1,Y2] = X5
10(5,1,1,1) : 11(5,1,1,1) : 12(5,1,1,1) :

= Xi+1 [X0,Xi] = [X0,Xi] = Xi+1
X l ~ X 2 - X 4 + yl

~X2 ~ ~3J = ’"~5 f X2 ~ X3J = -X5 
[X1,Y2] = X4 = X4 + X5 [X1,Y2] = X5

13(5,1,1,1) : 14(5,1,1,1) : 15(5,1,1,1) :v
= Xi+1 [X0,Xi] = Xi+1 [X0,Xi] = Xi+1

[X1,X2] = X4 + Y1 [X1,X2] = X4 + Y1 [X1,X2] = Y1
[X2,X3] = -X5 [X2,X3] = - X5 [X2,X3] = -Y1

= X4 = X 4 " X 5 = X4

9  5  18, i~14

14,03BB(5,1,1) ~C, 03BB ~ C2

AL3F(5,1):
,,16 . ,,17 . ,,18(5,1,1,1) : (5,1,1,1) : (5,1,1,1) :

[X0, X i] = Xi+1 [X0,Xi] = Xi+1 
[X0,Xi] 

= Xi+1
[X1, X2] = Y1 [X1,X2] = -X4 + Y1

[X1,X2] = Y1 
[X2, X3] = -X5 [X2, X3] = -X5

[X1,Y1] = X5
[X1,Y1] =X5 [X1,Y1] = X5

[X1, Y2] = X4
[X1, Y2] = X4 [X1, Y2] = X4

~(5,1,1,1) ’ ~’{5,1,1,1) ’ ~{5,1,1,1) ’

[X0, Xi] = Xi+1 [X0, Xi] = Xi+1 [X0,Xi] = Xi+1

[X1,X2] = Y1 [X1,X2] = Y1 [X1,X2] = X4 + Y1
[X1, Y1] = X4 + 03BBX5

[X1, Y1] = X4 [X1, Y1] = X4 + X5
[X1,Y2] = X5  [X1,Y2] = X5 [X1,Y2] = X5

03BB ~ C2

22(5,1,1,1) : 23(5,1,1,1) : 24(5,1,1,1) :
= Xi+1 [X0,Xi] = Xi+1 [X0,Xi] = Xi+1

[X1,X2] = Y1 [X1,X2] = X4 + Y1 [X1,X2] = X4 + Y1
~ ~X2’ X3~ _ "X5 ~ ~X2 ? X3J = "’ ~’S ~ ~X2 ~ X3 J = ’,1’S

[X1,Y1] = -X4 [X1,Y1] = -X4 + X5 [X1,Y1] = -X4 - 3X5

[X1,Y2] = X5
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25(5,1,1,1) :
[X0,Xi] = Xi+1
[X1,X2] = Y1

~ [X2~ X3J = -’X5

[Xl ~ Y2] = X 5
AL3F(4):

AL3F(4,-,0):

26(5,1,1,1) : 27(5,1,1,1) : 28(5,1,1,1) :
[X0,Xi] = Xi+1 [X0,Xi] = Xi+1 [X0,Xi] = Xi+1[Y1,Y2] = X5  [X1,X2] = X5 [X1,Y1] = X4[Y1,Y2] = X5 [Y1,Y2] = X5

29(5,1,1,1) : 30(5,1,1,1) : 31(5,1,1,1) :
[X0,Xi] = Xi+1 [X0,,Xi] = Xi+1

[X1,Y1] = X4 [X1,Y1] = X4 [X1, X2]=X4
[X1, Y2] = X5 [X1,Y2] = X5 [Y1,Y2] = X5
[Y1,Y2] = X5
32(5,1,1,1) : 33(5,1,1,1) : 34(5,1,1,1) :
[X0,Xi] = Xi+1 [X0,Xi] = Xi+1 [X0,Xi] = Xi+1

[X1, X2] = X4 [X1, X2] = X4 [X1,Y1] = X3
[X1, Y1] = X4 [X1, Y1] = X4 [Y1,Y2] = X5

[X1,Y2] = X5 [Y1,Y2] = X5

35(5,1,1,1) : 36(5,1,1,1) : 37(5,1,1,1) :
[X0,Xi] = Xi+1 [X0,Xi] = Xi+1

[X0,Xi] = Xi+1 
[X1, Y1] = X3 X1, X2] = X5

[X1,Y1] = X3 [X1,Y2] = X5 [X1,Y1] = X3
[X1, Y2] = X5 [Y1,Y2] = X5 [Y1,Y2] = X5

38(5,1,1,1) : 39(5,1,1,1) : 40(5,1,1,1) :
[X0, Xi] = Xi+1 [X0,Xi] = Xi+1 [X0,Xi] = Xi+1

[X1, X2] = X5  [X1,X2] = X5 

[X1,Y1] = X3
[X1,Y1] = X3 [X1,Y2] = X5 [X1, Y1] = X3[X1,Y2] = X4[X1,Y2] = X5 [Y1,Y2] = X5

41(5,1,1,1) :
[X0,Xi] = Xi+1

[X1,Y1] = X3
[X1, Y2] = X4
[Y1,Y2] = X5

, 1  s  3 3

19  s  27
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AL3F(4,-,l):
..42 . ,,43 ...44
(5,1,1,1) : (5,1,1,1) : (5,1,1,1) :
[X0,Xi] = Xi+1 [X0,Xi] = Xi+1

[X1, X2] = X4 [X0, Xi] = Xi+1
[X2,X3] = -X5 [X2, X3] = -X5[X2,X3] = -X5 [X2,X3] = -X5[X1,Y1] = X4 [Y1,Y2] = X5
[X1,Y2] = X5 

[X1,Y2] = X5

45(5,1,1,1) : 48(5,1,1,1) : 47(5,1,1,1) :

[X0,Xi] = Xi+1 [X0, Xi] = Xi+1 
[X0,Xi] = Xi+1

[X2, X3] = -X5 [X1, X2] = X4 [X1,X2] = X4
[X2,X3] = -X5

[X1,Y1] = X4 [X2,X3] = -X5 
[X1,Y1] = X4

[Y1,Y2] = X5 [Y1,Y2] = X5 [Y1,Y2] = X5
s(5,1) ~ C2, 4  s  5

~c~5~~~~) ~ C, 28  s  33

5 Appendix
We will explicit the laws of each one of the algebras with Goze’s invariant (5,1) and (5,1,1)
in order to simplify their placing. We write only essential brackets (see § 4).

5.1 Lie algebras of Goze’s invariant (5,1)

( see, [10], [13])1(5,1) : 2(5,1) : 3(5,1) :
{ [X0, Xi] = Xi+1 [X0,Xi] = Xi+1 [X0,Xi] = Xi+1[X1,X2] = X5 

[X1,X2] = X4
4(5,1) : 5(5,1) :

[X0,Xi] = Xi+1[X0,Xi] = Xi+1 [X1, X2] = X4
[X2, X3] = -X5 

[X2,X3] = -X5

5.2 Lie algebras of Goze’s invariant (5,1,1)
M)

1(5,1,1) : 2(5,1,1) : 3(5,1,1) :
[X0,Xi] = Xi+1[X0, Xi] = Xi+1 [X0, Xi] = Xi+1

[X1,X2] = Y[X1,X2] = Y 
[X2,X3] = -X5 [X1,X2] = X4 + Y

~’{5,1,1) ’ ~(5,1,1) ’
f f f 

[X1,X2] = X4 + Y [X1,X2] = Y [X1,X2] = Y~ [x2 ~ X3~ _ -Xs ~ [x2 ~ ~3J = ‘Y ~ [X2,X3] = -x5 "’ y
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7 . 11.8 . 9 .

7(5,1,1) : 8(5,1,1) : 9(5,1,1) :

[X0 , Xi] = Xi+1 [X0, Xi] = Xi+1 [X0 , Xi] = Xi+1

[X1, X2] = X4 + Y [X1, X2] = X4 + Y [X1, X2] = Y
[X2,X3] = -Y [X2,X3] = -2X5 - Y [X1,Y] = X5
10(5,1,1) : 1(5,1,1) : 12(5,1,1) :

[X0, Xi] = Xi+1 [X0, Xi] = Xi+1 [X0, Xi] = Xi+1

[X1,X2] = Y [X1,X2] = -X4 +Y [X1,X2] = Y

[X2, X3] = -X5 [X2, X3] = -X5 [X1, Y1] = X4

[X1, Y] = X5 [X1, Y1] = X5 [X2, Y] = X5
13 . 

14,’B . 
15 .

13(5,1,1) : (5,1,1) : (5,1,1) :
[X0, Xi] = Xi+1

[X0, Xi] = Xi+1 [X0, Xi] = Xi+1 [X1, X2] = Y
[X1,X2] = Y [X1,X2] = X4 + Y [X2, X3] = - X5

[X1,Y] = X 4 + X 5 [X1,Y] = X 4 + 03BBX5 
[X1, Y1] = -X4

16(5,1,1) : 17(5,1,1) : 18(5,1,1) :(5,1,1) : (5,1,1) : (5,1,1) :
[X0,Xi] = Xi+1 [X0,Xi] = Xi+1 [X0,Xi] = Xi+1

[X1,X2] = X4 + Y [X1,X2] = X4 + Y [X1,X2] = Y

[X2, X3] = -X5 [X2, X3] = -X5 [X2, X3] = -X5

[X1, Y] = -X4 + X5 
[X1, Y] = -X4 

- 3X5 [X1, Y] = -X4 + X519(5,1,1) : 20(5,1,1) : 21(5,1,1) :
[X0, Xi] = Xi+1

[X0, Xi] = Xi+1 [X1, X2] = X5 
[X0, Xi] = Xi+1

[X1,Y] = X5 [X1, Y] = X5 
[X1, Y] = X4

~~5t1’1) ; . u(5~1~1) ; . ~,L~~~1~1~ : .r(5,1,1) . 

J = ~i+1 J = X i+1
[X0 , Xi] = Xi+1 X0, Xi] = Xi+1 [X0, Xi] = Xi+1[X1, X2] = X4  [X1, X2] = X4

[X1,Y] = X4 + X5 [X1,Y] = X5 [X1,Y] = X4

25(5,1,1) : 26(5,1,1) : 27(5,1,1) :
[X0, Xi] = Xi+1

[X0, Xi] = Xi+1 [X0, X1] = Xi+1 [X1, X2] = X5
[X1,Y] = X3 [X1, Y] = X3 + X5 [X1, Y] = X3

28(5,1,1) : 29(5,1,1) : 30(5,1,1) :

{ 
[X0, Xi] = Xi+1 

{ 
[X0, Xi] = Xi+1 

{ 
[X0, Xi] = Xi+1

[X2,X3] = - X5 [X2,X3] = -X5 [X2,X3] = -X5

[X1,Y] = X5 [X1, Y] = X4 [X1, Y] = X4 + X5
31(5,1,1) : 32(5,1,1) : 33(5,1,1) :

{ 
[X0, Xi] = Xi+1 

{ 
[X0, Xi] = Xi+1 

{ 
[X0, Xi] = Xi+1

[X1, X2] = X4 [X1, X2] = X4 [X1, X2] = X4

[X2,X3] = - X5 [X2,X3] = -X5 [X2,X3] = -X5
[X1,Y] = X4 - X5 [X1,Y] = X5 [X1,Y] = X4
{X2~ X3J = -X5 [x2~ X3J = -~5 (x2~ X3J = ‘X5

[X1, Y] = X4 - X5 [X1, Y] = X5 [X1,Y] = X4

and the decomposable algebras ~~5,1~ ® C, 1  s  5.
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