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3-filiform Lie algebras of dimension 8!

L.M. Camacho? J.R. Gémez? R.M. Navarro®

Abstract

We give, up to isomorphism and in dimension 8, all the 3-filiform Lie algebras (whose
Goze’s invariant is (n — 3,1,1,1)).

1 Introduction

The classification of finite dimensional complex Lie algebras is an open problem. Only
the seven (or less) dimensional nilpotent Lie algebras are classified. A general classification
seems very difficult. In fact, a recent result of Goze [11] shows that the general classification
of 2p or 2p + 1-dimensional Lie algebras is equivalent to the linear classification of (2,1)-
tensors in CP. This implies that the Jacobi conditions do not reduce the difficult problem
of classification of the (2,1)-tensors.

Except the 7-dimensional case, we know also the classification of filiform algebras up to
dimension 11 ([2], [8], [10]) or the general classification of 2-abelian filiform Lie algebras [9].
The results of Khakimdjanov [12] are very important for these classifications.

Cabezas, Gémez and Jiménez-Merchan [4], [6] and [5] generalize the notion of filiform
algebra to p-filiform algebra, which correspond to nilpotent algebras of Goze’s invariant
(n—p,1,...,1) where n = dim(g)); hence, the filiform algebras are the 1-filiform algebras
and the quasi-filiform algebras are the 2-filiform algebras. The authors above mentioned
also give the classification for high values of p (that is, close to the dimension of the algebra),
more exactly for the integer values of p between n — 4 and n — 2.

In [3], the (n — 5)-filiform Lie algebras with maximal derived subalgebra are classified.
In this way our first goal in this paper is to give an explicit description of the 3-filiform Lie
algebra in 8-dimension.

Goze’s invariant or characteristic sequence of the nilpotent Lie algebra g, denoted by
c(g), is defined to be sup{c(X): X € g — [g, g]}, where ¢(X) is the sequence, in decreasing
order, of dimensions of characteristic subspaces of the nilpotent operator ad(X). Thus, the
filiform, quasifiliform and abelian Lie algebras of dimension n have as their Goze’s invariant
(»n-1,1), (n-2,1,1) and (1,1,...,1), respectively.
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2 Notation and Terminology

The notions and notations used in this paper are defined in [11].

Let g be a 3-filiform Lie algebra of dimension 8. We consider a characteristic vector
Xo € g —[9,9]- An adapted basis [11] is given by {Xo, X1, X2, X3, X4, X5, Y1, Y2} where
{X1, Xs, X3, X4, X5,Y1,Y2} is a Jordan basis of ad(Xq). It satisfies [Xo, X;] = Xi41, i =
1,...,4 and [Xo,Y;] = 0, j = 1,2. We denote by AL3F the set of complex 3-filiform Lie
algebras of dimension 8, AL3F (k) the subset of AL3F constituted of Lie algebras whose
derived subalgebra is of dimension k, AL3F(k,]) the subset of AL3F(k) for which elements
satisfy dim(Z(g)) = I, AL3F(k,-,m) the subset of AL3F(K) with dimD?(g) =

If g € AL3F will be given by the following brackets

[Xo,Xs] 1<i<4

[Xi, Xiy1] 1<4<3

[X1,Y;] 1<5<2
_ 1, Ya]

An easy computation (using Jacobi’s identity) shows that the remaining brackets can
be found from the above mentioned.

In what follows, when we use subindexs i and j, then respective ranges of variation will
bel<i<4 and 1 < j < 2, though we do not indicate it. The laws will be denoted by
/"(5 1,1,1) OF by ,u(5 1 1L1) ) € C,, where Cy = C/R, being R the equivalence relation defined
by wRy <> u = +v.

3 3-filiform complex Lie algebras of dimension 8

1. Decomposable case

Proposition 3.1. Let g be a 6-dimension filiform Lie algebra. Then g = g & C?isa
8-dimension 3-filiform Lie algebra.

Let g be a 7-dimension 2-filiform Lie algebra. Then § = g®C is a 8-dimension 3-filiform
Lie algebra.

The proof is obvious.
As we know the 6-dimensional Lie algebras and the 7-dimensional 2-filiform Lie alge-
bras, we can deduce the complete classification of decomposable 8-dimension 3-filiform Lie

algebras.
2. Non decomposable case.

Now, we consider only 3-filiform non-decomposable Lie algebras.

Lemma 3.2. [3] If g € ALSF there is an adapted basis satisfying
[Xo, Xi] = Xin1
[Xl,Xz] =cX4 +dXs + Y7 + a2Ye
1) { [X2,X3) = —eXs5 — fiY1 — BY2
{Xl»yj] = a3;j X3 + ay; X4 +a1; X5
N,Y:] =bXs
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with the restrictions following oxas; = 0; 2azse — a;b = 0; 2azie + azb =0;
Bras; = 0; Buagic = 0; Pray; =0; Bb = 0; Brag; + fraze =0, 1<k<2

We can deduce that there exists three families of AL3F, pairwise non-isomorphic, whose
laws can be expressed, in a suitable adapted basis by

AL3F(6): AL3F(5) : AL3F(4) :
[Xo, Xi] = Xin [XO’Xi] =Xit1 [Xo, Xi] = Xin
[Xx,X2]=CX4+l/1 [Xl,Xg] =CX4+}’1 [Xl,X2]=CX4+dX5
Xz, Xs] = ~Y3 (X2, X5] = —eX5 — 11 [X2, X3] = —eXs
[Xl,Yll = ap Xy [Xl,Y;'] =a2_.,-X4 +a1jX5 [Xl,Yj] =a3jX3 +(1sz4+0le5
cag =0 Bayj = 0; Ban = 0; [Y1,Y2] = bX;
Bazc=0 azje =0

In fact, let A = ( gll Z ) We have
dim(D(g)) = 4 + rank(A)
a) rank(A) = 2. We consider the change of basis
{ Y] =dX5 + oY1 + Yo
Y; =eXs + /i1 + oY

The relation (1) can be reduced to @y = $> =1 and ap = 1 = d = e = 0. This gives
the first family AL3F(6).

b) rank(A) = 1. Always we can supposed oy # 0. The change of basis
{ Y] = dXs + onY; + oY
Y;=Y;
permits to consider (ay, a2) = (1,0) and 85 = 0. We obtain AL3F(5).
c) rank(A) = 0. We find AL3F(4).

Theorem 3.3. [3] If g € ALSF(6), then it is isomorphic to one of the algebras, pairwise
non-isomorphic, that will be denoted by u®, with 1 < s < 3.

Lemma 3.4. There ezist three subfamilies of AL3F(5), pairwise non isomorphic, whose
laws can be expressed, in a suitable adapted basis by

AL3F(5,3) : AL3F(5,2) : AL3F(5,1) :
[ [Xo0, Xi] = Xipa
[X1, Xo] = eXa + 1 [Xo, Xi] = X1
[Xo0, Xi] = Xita [X2, Xs] = —eX5 - 1 (X1, X2]=cXs+ 11
X1, Xp]=cXs+ 11 { KnY5] = a3 Xs + a1, Xs [X2, X3] = —eX5
[X2, X3] = —eXs - BV gzxq{z - flg%“ =0, [X1,Yj] = a2; X4 + 01;Xs
ﬁa)ljj ‘= 6‘: Bazy =0, a12a21 — az2a11 # 0
\ ﬁagzc =0
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Proof: It is easy to check that the dimension of the center of any Lie algebra g with

g € AL3F(5) depends of the rank of the matrix B = ( Zm Zzz
1 o

. Thus, we will consider
three cases:
(1) If rank(B) = 0 we lead to AL3F(5,3).

(2) If rank(B) = 1 this implicates that agia12 — az0a11 = 0 with any a;; # 0 obtaining
of this form the family AL3F(5,2).

(3) If rank(B) = 2 then aa12 — ag2a11 # 0 from we can assert that (a1,011,012) #
(0,0,0) what together to the above restrictions lead to 8 = 0, and thus we obtain the family
AL3F(5,1). [u]

We can note that if g € AL3F(5,3) then g is decomposable of the form g = g, ® C
with g, of dimension 7. These algebras are will known (see § 3.1). We find the algebras
His11) @ Cfors=1to8.

Consider the case AL3F(5,2). We note that if age = a1p = 0 then a1y # 0 or az; # 0.
The corresponding algebras are decomposable.

Theorem 3.5. If g € ALSF(5,2), then it is isomorphic to one of the algebras, pairwise
non-isomorphic, of laws /,Lfs’l,l’l) with 12 < s < 15 and the decomposable Lie algebras

Hisiy®C, 9< s <18, 5 # 14 and gy ®C, A € Ca.

Proof: The nullity of 3 is an invariant. In fact, dim(C3(g)) is 2 if 8= 0and 3 if § # 0.
Case 1: (8 = 0) Making generic changes of basis,
X\ =PoXo+ P X, + P.X2 + P3X3 + Py X4+ P X5 + BY1 + PiY;

X! = QoXo + Q1 X1 + Q2X2 + QaX3z + QuXs + Qs X5 + QY1 + Q7Y2

Yz' =50 Xo + 51 X1 + S2Xo + 83Xz + 54Xy + SsXs + SgY1 + S7Y>
the condition of change of basis for to remain (X§ # 0) is
(Po + P1e)(P3 + Pjaz ) (PoQ1 — P1Qo) # 0

and for to remain into the family, ([X{,X}] = ¢X}), we have to impose that: PoQo +
P,Q1as; = 0, and the changes will be completed particularizing for some concrete values of
any parameter and the respective restrictions.

The new parameters are:

o= Qic Py(Qoc+ Qionn)
P02 + Plzazl (Po + P, e) (Pg + Pfazl) !
o = (Poe — Pyas )(PoQy — PiQo) . _ (PoQy — PIQO)za
(Po + Pie)(PE + Plag;) ' 27 T(PZ Plag)? oV

We observe that the nullities of as; and €? + ag; are invariants of the algebra, indeed
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(PoQ1 — P1Qo)?

—_ 2
= Bo+ P, (P14 Plag) © T 22

e? + ah

o If ap; = 0, to remain into the family: P Sraz; + PoS3 =0 and PySy + P1S3c+ Py Sse +
P, Ssa11 + P1S7a12 — P,S3e+ Py S7as; = 0, and the condition of change of basis is PyQ;(Pp+
Ple)S7 ;é 0.

Thus, the parameters remain:

c,:__&g+ PQrann o = Qe
PO2 Poz(Po + Ple) ! Py + Pie

ol = Qlann o = S7a2;
T PR +Pe? R OFR

a, _ Seau + 57012 _ P137022(3P00+ Plau) _ P13.S’7¢:e2a22
127 P2(Pp + Pre)? P5(Py + Pre) P3(Po + Pre)?

Furthermore, the nullity of ce + a;; is an invariant. In fact,

Qi

R+ P9

ce +a}, =

By the above changes of basis we observe that the nullities of e, a1, and a2, are invariants.
Taking into account that the dimension of the center is 1 together to fact that az = 0, we
arrive at agpa; = 0 with any a;; # 0.

Now, we show in a table the configuration of the parameters
(

f ( a2 =0—a12#0
c=0 0,12=0
022760{ a12 #0
a1 =034
e=0¢ 022=0—>a129é0
c#0
L a22¢0(1) ——+a12=0
Pau;é()(z) —rc=0; ax=0 a2=0
( ((a32=0— a2 #0
1 c=0 a2 =0
ax #0
(111=0J > a12¢0
a22=0-—)a12960
e# 04 0 eaiz + cax #0 (— 012 = 0)
C?é < Q22 #0 (3) caz
8012+6a22=0(~—)a12=—7)
cet+an #0—c¢c=0; a2 =0 a2=0
all#o(‘l){ce+au=0-—>c=—-al—l;a22=0;a12=0

where the cases (1), (2), (3) and (4) are described below
(1)e=an1=0, cax#0
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We choose Py = in order to obtain a;3 = 0.

3c a22

(2)e=0, an#0

By choosing P, = —1—299 always can be supposed ¢ = 0 and aa1; = 0 — a2 = 0.
Thus, taking Sg = —7—11 we lead to aj, = 0.
(3) @11 =0, ecax # 0 0.5

. . 197 . .

It is easily seen that €'al, + daby = W(eau + cagz) and so, its nullity is an

invariant. Thus, if eais + cage # 0, by a suitable choosing of P, # —’—:Q can be obtained
cazg
a1z = 0. Otherwise, if ea;s + cagy = 0 then a1p = -
Pyc+ P,

(4) eas; # 0, ¢ = @ ;;;;;0 :-((Z-:)au)) and, so, the nullity of ¢ depends on the
nullity of ce + a13. If ce + a;; = 0, the nullity of ¢ is an invariant and if ce + a1 # 0,
by substituting P, = cﬁoaﬁ{f we obtain ¢ = 0 and in the same way Sg = _'S'ZTalu lead to
a2 =0.

At this point, is a laborious but simple process to verify that the only algebras or families
of algebras with as; = 0, pairwise non-isomorphic, are the correspond to the enunciate, -
previous changes of scale when they are needed.

o If ag; # 0, the change of basis given by (X} = Xy, X] = X1, ¥Y{ =11, Y5 = a1 Y2—anl1)
together to the restriction agjaip — ag2a11 = 0, let us suppose ag2 = a;2 = 0. In this case,
we can note that any algebra is decomposable of the form l‘fs,l,l) @ C for s =12 to s =18,

s # 14, and pig7,) © C with X € Cy,

Case 2: (B # 0) Taking into account the restrictions, we obtain a1; = a;2 = ag; = 0,

a32 # 0 = ¢ = 0 and doing an suitable change of basis (X§ = Xo; X = X1 — B—S—Yz) we
22

can supposed e = 0. In this way, we arrive at /‘%5?,1,1,1)’ previous change of scale. ]

Theorem 3.6. If g € AL3F(5,1), then it is isomorphic to one of the algebras, pairwise
non-isomorphic, of laws ”’fS,l,l,l) with 16 < s < 25 and s # 21 or to one of the type ”?51,’{\,1,1)
with A € C,.

Proof: By the generic changes of basis used in Theorem 3.5 can be proved that the nullity

of ag; is an invariant.
eIfay =0 — Qo = 0, and from the condition of change of basis we can arrive at

ajjaz; # 0 and thanks to the change of basis (Y{ = V3, Y5 = anYs — a12Y1) can be
supposed a12 = 0. The others parameters remain:

o= (Po +P1e)Qic+P1Qiay; o = Qe
P%(Po + Pie) ’ Pg + Pie

under the restrictions:

PyQ1 (P + Pre) #0;
PgS(;au - 3POPIS7(P0 + Ple)Cazz - P]?S'[(Po + Ple)auan - P13.S'7ce"’a22 =0

We observe that the nullities of e and ce + a;; are invariants.
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- if e = 0, choosing P; = —£2¢ (a;; # 0) we obtain ¢ = 0 and

an

-ife#0,
* ce + a11 # 0, choosing P = —é"a—l— we obtain ¢ = 0,
x ce +ay; =0, then c = -1,

€
After all the above considerations, we can consider the following configuration for the

parameters:
e=0—c=0

(021=0=:'¢111022¢0;) e=0
=>a;,=0 6750

c=—-—

[
obtaining the algebras "55,1,1,1)’ with 16 < s < 18, previous changes of scale.

o If ag; # 0, using a similar reasoning of Theorem 3.5 the nullity of €2 + a; is invariant
and the change (Y] = Y1, Y] = a2;Y2 — a2Y1) let us suppose az; = 0 and so a;2 # 0.
- If €2 + ag # 0, choosing P, = —°— , we obtain e = 0.
By doing again the changes of ba31s together to the imposition of remain into the family,
that is e = 0, we have that @y = P, = 0, leading to
1} Qic ' Qfau

==

P2’ an = P}

obtaining /,4(5 1,1,1)° with 19 < s <20 and p.(5 1 1,1 with A € C, previous changes of scale
when they are ‘needed.

.If €2 + a3 =0 — agy = —e%; e # 0. It is easy to see that the changes of basis used in
the proof of the Theorem 3.5 can be adapted because of there is not necessary to consider
the vector Y, thanks to the fact that Y» ¢ C!(g) and aj2 # 0. The nullities of a;; — ec
and aj; + 3ec hold, and now repeating the cases considered in Theorem 3.5 we obtain the
algebras l‘fs,1,1,1)1 with 22 < s < 25. m]

Lemma 3.7. There exist two subfamilies of ALSF(4), pairwise non-isomorphic, whose laws
can be expressed, in a suitable adapted basis by

AL3F(4,-,0): AL3F(4,-,1):
( X aXi =X;
( [Xo, Xi] = Xina [Xo, Xi] i+1

[Xl,le =cX4 +dXs
X1,X2] =Xy + dX
[X1, Xa] = cX4 + dX; (X0, Xs] = cX

[X1,X3] = X5 A,
[X1,Y1] = as1 X3 + a1 Xy + a1 Xs [’YI:X‘;] : —e;
] [th] = a2 Xq +0a12X5 { 12y, A3 = 5

(X1, 1] = a1 Xa +an Xs
[X1,Y2] = a22 X4 + 212X5
[X2,Y1] = a1 X
[Xa,Y2] = a2 X

| 1, Y2]=bXs e#0

[X2, V1] = @31 X4 + a21 X5
[X2,Y2] = @32 X5

[X3,Y1] = a31 X5

\ [11,Y2] =bX;
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Proof: By tacking into account the restrictions of the family of laws AL3F(4), can be
supposed a3y = 0 (doing changes of basis when they are needed). The nullity of e is an
invariant, in fact dim(D?(g)) is 0 if e =0 and 1 if e # 0. a

Theorem 3.8. If g € AL3F({,-,0), then it is isomorphic to one of the algebras, pairwise
non-isomorphic, of laws ”295,1,1,1) with 26 < s < 41, and the decomposable Lie algebras

By ®C? 1<s<3, puf, 1 ®C,19< s <27,

Proof: Similar to precedents. a

Theorem 3.9. If g € AL3F(4,-,1), then it is isomorphic to one of the algebras, pairwise
non-isomorphic, of laws ”fs 1,1,1) with 42 < s < 47, and the decomposable Lie algebras

Bl ®C% 4<s<5, pf, ,®C,28< 5 <33,

Proof: Similar to precedents. O

4 List of laws

Continuously we will explicit the laws of each one of the algebras with Goze’s invariant
(5,1,1,1) in order to simplify their placing. We remind that it is only necessary to know
the following brackets:

[Xo,Xs] 1<i<4

[Xi, Xipa] 1<i<3

X1,Y;] 1<5<2

1, Y5
the remaining brackets can be found using Jacobi’s identity.

The used notations in the list of algebras can be see in [7]. By commodity, we include the

list of laws of any (n — 5)-filiform Lie algebra of dimension 6 and 7 (whose Goze’s invariant
are (5,1) ({10], [13]) and (5,1,1) ([1]), respectively).

AL3F(6):
”%5,1,1,1) : /‘?5,1,1,1) : /‘?5,1,1,1) :
Xo,X;:] = X;
[Xo, Xi] = Xipa {XO X]] _ Y'H (X0, Xi] = Xipa
X1, Xo)=1 [XI’XZ]: 1Y (X1, Xl =X+ Y3
X2, X3] = =Y, posl= o Xa] = -V,
[X2, X3} 2 (X1, Yi] = Xa [X2, X3} 2
AL3F(5):
AL3F(5,3):
pean®C,  1<s<8
AL3F(5,2):
“?5,1,1,1) : N?s,l,m) : /‘?5,1,1,1) :
[Xo, Xi] = Xiga [Xo, Xi] = Xi1 [Xo, Xi] = Xips
X1, X2]=1, [X, Xl =V (X1, Xe]=1

[X1,Y2] = X5 (X1, V2] = X, [X1,Y2] = X4 + X5



“Z5.1,1,1) :

[Xo, Xi] = Xita

[X1,X2]=X4+ 11

[X1,Y2) = X5

”‘%g,l,l,l) :

[ [Xo,Xi] = Xin1
[X1, Xl =T
[X2,X3] = =X5
{ (X1, 2] = X,
l‘%53,1,1,1) :

[ [Xo, Xi] = Xin1

[X2, X3] = —Xs
L [X17Y2] = X4

AL3F(5,1):
“%56,1,1,)) :

[ [Xo, Xi] = Xina

[X1, X5l =1
(X1, 1] = X5
[X1, Y] = X4

\
I‘zsg,x,x,l) :

[ [Xo0, Xi] = Xina
[X1,X2) =T
[X1, 1] =X,

L [X17 )’2] = X5

22 .
LCRRRIE
[ [Xo, Xi] = Xina

X1, X2] =T
{ [X2,X3]=-X5
[Xl)),l] = "'X4

| [X1,Y2) = Xs

X1, X]=X4+ 11

3-filiform Lie algebras of dimension 8

B :

[Xo, Xi] = Xina

X1, X2]=Xa+ 11

[X1,Y2] = X,

l‘%sl,l,l,l) :
[Xo, Xi] = X1
[X1,X2] =1
[X2, X3) = -X5
[X1,Y2] = Xs + X5
”%;,1,1,1) :
[Xo0,Xi] = Xipa

X1, X2)=Xa+ 11

[XZ) X3] = _X5

[X1,Y2] = X4 — X5

K1) @ Cs
14,2
st @ Cs

17 .
LCRRRIE
( [Xo, Xi] = Xina

[X1,X2) =1
{ [X2,X3]=-Xs
[X1, ] = X5

{ [X1, V2] = X4

#%2,1,1,1) :

[ [Xo, Xi] = Xip1
[X1,Xs] =T
[X1, ] = X4+ X5

{ [X1,¥5] = X5

”%3,1,1,1) :

( [Xo, Xi] = Xina

X1, X2]=Xa+ 11

{ [X2,X3] = ~X;5
[X]_,Yd = —X4 + X5

| [X1,Y2] = X5

9 .
K1)t
[Xo0, Xi] = Xin1

[XI,X2] = },1

[X2, X3] = — X5

[X1,Y2] = X5
”%3,1,1,1) :

[Xo, Xi] = Xina
[X1,Xe] =X4+ 11
[X2, X3] = = X5
[X1,Y2] = X5

15 .
LCRERI
[Xo, Xi] = Xita

X1, X2l =1
[X2aX3] = _Yl
[X1,Y2] = X,

9<s<18, i#14

AEC,

”%58,1,1,1) :

( [Xo, Xi] = Xina
[X1,X2] =-X4+ 11
{ [X2,X3)=-Xs

[X1, ] = X5

L [X1,Y2] = X4
210 .
i) ¢

( [Xo0, Xi] = Xina
[X1,Xe]=X4+ 11
< [X],}/l] = X4+ X5
[X1,Y2) = X5
AeC,
p’(;,l,l,l) :
( [Xo0, Xi] = Xipa
[Xl,Xz] =X;+Y;
$ [X2, Xs) = —X;5
[Xl,}/l] = '—X4 - 3.X5
| [X1,Y2] = Xs
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25 .
K510 ¢
[Xo, Xi] = Xina
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[X1, X2l =11

[X2, Xs] = =X

[X1,h]=-X4+ X5

[X1,Y2] = X5
AL3F(4):

AL3F(4,-,0):
“?56,1,1,1) :

{ [Xo, X5} = Xina

[Yl,Y’l] = X5
”?59,1.1,1) :

[Xo0, Xi] = Xia

[Xl’ },1] = X4

[Xl’ Y’2] = X5
”?52,1,1,1) :

[XO’X:'] = Xin1

[X1,X2] = X4

(X1, 1] =X,

(X1, Y2] = X5

Bsaa)

[Xo, Xi] = Xi1

{Xl)},l] = X3
[X1,Y2] = X5
”?58,1.1,1) :
[ [Xo, Xi] = Xi1
[X1,X2] = X5
(X1, 1] = X3

L [X1,Y2] = X5

41 .
K ¢
( [Xo, Xi] = Xina

[X1,1n) =Xz
[X1,Y2] = X4
[Y11Y2] =X5

27 . 28 .
K1) ¢ Hi511,0) ¢
[Xo, Xi] = Xita [Xo, Xi] = Xita
[X1,Xa2] = X5 [X1, 1] =X,
11,Y2] = X5 1, Y] = X5
l‘?g,1,1,1) : /‘?51,1,1,1) :
([ Xo, Xi] = X;
[ 0 1] i+l [-XOyXi] - Xt'+1
[X1, 1] = X4
[XI)XZJ = X4
[X1,Y2] = X5 -
[},1)]/2] - X5
\ N1, Y2} = X5 ”
TRRE (CERBIE

( [Xo, Xi] = Xin1
[X1,X2] = X4
[X3, 1] = Xy

| 11,Y3] = X5

36 .
Bi51,1,0) ¢
( [Xo,Xi] = Xina

[Xo, Xi] = Xipa
[Xl7},1] = X3
[Y17YV2] = X5

37 .
HCRERIR
[Xo, Xi] = Xita

(X1,1) = X3 [X1, X5) = X5

[X1,Y2] = X5 [X1, 1] = X3

\ [Yi1Y2]=X5 [},11Y2]=X5
39 . 40 .
B0y ¢ EARRIE

([ X0, Xi] = Xin1

(X1, X2] = X5 [Xo, Xi] = Xit1
¢ [X1,n]=X;3 [X1, ] = X3
[X1,Y2] = X5 [X1,Y2) = X4

| 1, Y2] = X5

psy®C?  1<s<3

51,1 @ Cs



AL3F(4,-1):

“?52,1,1,1) :
[ [Xo, Xi] = Xipa
[X2,X3] = -X5

Y X1, Y] = X4
L [X11Y'21=X5

/‘?55,1,1,1) :

[ [Xo, Xi] = Xina
) [X2, X3] = = X5
[X1,7h] =X,

[ 11,Y2] = X5

5 Appendix

We will explicit the laws of each one of the algebras with Goze’s invariant (5,1) and (5,1,1)
in order to simplify their placing. We write only essential brackets (see § 4).
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43 .
Hsa1,0) ¢

[ [Xo, Xi] = Xipa
[X1,X2] = X4
{ [X2,X5]=—Xs
[X1,1] =X,
{ [X1,Y2] = X5
“?2,1,1.1) :

[ {Xo, Xi] = X1
[X1, X2] = X4
[X2, X3] = =X

| M, Y] =X;

K5 © C
K511 @ Cs

”?;.1,1,1) :

[Xo, Xi] = Xina
[X2,X3] = - X5
[},11 },2] = X5

p’?;,l,l,l) :

[X0, Xi] = Xia
[X1, Xo] = X4
(X2, X3] = —X5
[X1,71] = X4
11,Y2] = Xs
4<s<5H

28<s5<33

5.1 Lie algebras of Goze’s invariant (5,1)

( see, [10], [13])
His,1) °

{ Xo,Xi] = Xita

K |
[Xo, Xi] = Xina
[X2, X3] = = X5

s ¢
[Xo, Xi] = Xia
[X1,X3] = X5
s
[Xo0, Xi] = X1
[X1, Xa] = X4
[X2, X3] = -X5

s,y :

{

[Xo, Xi] = Xin1
(X1, X2] = X,

5.2 Lie algebras of Goze’s invariant (5,1,1)

(see, [11])

Ksa
[Xo, Xi] = Xita
[X1,X2]=Y
Bs) :

[Xo, Xi] = Xin

[Xl,Xgl =X4+Y

(X2, X3] = = X5

“?5,1.1) :
[Xo, Xi] = Xi1
[X1,X]=Y
[Xz,Xs] = —X5
R BIE
[Xo, Xi] = Xina
[X1,X:]=Y
[Xa, X3] ==Y

B ¢

[Xo, Xi] = Xin1
[Xl,Xz] =X4+Y

6 .
K1) ¢
[Xo, Xi] = Xia
[X1,X2] =Y

[X2, X3] = =X5 - Y

11
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F‘Zs,l,l) :
[Xo, Xi] = Xit1
[Xl,X2] = X4 +Y
[X2, X3] = -Y
#’%g,l,l) :
[Xo, Xi] = Xia

[X1,X2] =Y
[X2, X3] = —Xs
[X1,Y]=Xs

:“%53,1,1) :

[Xo, Xi] = Xia
[X1,X2) =Y
[Xl,Y] =X+ X5
/‘%56,1,1) :
[Xo, Xi] = Xita
[XI,X2] =X4+Y
[X2, X3} = - X5
[XI,Y] =-X4+ X3
l‘%g,m) :

[Xo, Xi] = Xina
[X1,Y] = Xs

22 .
Ky *

(X0, Xi] = Xina
[X1,Y]= X4 + X5

P’%g,l,l) :
{ [XO,Xi] =Xin
[X1,Y]=X3
/-‘%58,1,1) :
[Xo0, Xi] = Xina
[X2, X3] = ~ X5
[X1,Y] = X5
”(51,1,1) :
[Xo, Xi] = Xina
[X1, Xa] = X4
[X2,X3] = - X5

[Xl,Y] =X4- X5

and the decomposable algebras

F?5,1,1) :
[Xo, Xi] = X1
[Xl,Xz] =X4+Y

[X2, Xs] = —V2X5 =Y
1

“%5,1,1) :
[Xo, Xi] = Xipa
[X1,X2] ==-X4+Y
[X2, X3] = X5
14[5(1’Y] =%
LERRE
[Xl,X2] =X4+Y
[X;,Y] =X4+ X5

Ii%é’,l,l) :
[Xo0, Xi] = Xita
[X],XQ] =X4+Y
[X2, X3] = = X5
[Xl,Y] = —X4 - 3X5

20 .

) -

[Xo, Xi] = Xiy1

[X1,Xa2] = X5

[X1,Y] = X5
“(3,1,1) :

[Xo, Xi] = Xina

[X1, X2] = X4

[X1,Y]= X5
/‘?56,1,1) P

[Xo, Xi] = Xis1
[Xl,Y] =X3+ X5

“?59,1,1) :
[Xo, Xi] = Xiga
[X2,X3] = X5
[X1,Y]= X4
Hsa *
[Xo, Xi] = Xia
[X1,X2] = X4
[X2, X3] = X5
[X1,Y]= X5

Ms®C 1

”?5,1,1) :
[Xo, Xi] = Xina
[X1,X2] =Y
[X1,Y]= X5
#%?,1,1) :

([ X0, Xi] = Xia
X1, Xel =Y
[X1,Y]= X4

\ [X2, Y] = X5

”%55,1,1) :

[ [Xo, Xi] = Xipa
[X17X2] =Y
[X2, X3] = —X5

\ [X1,Y]=-X,4

pis

(5.1,1)

( (X0, Xi] = Xina
[X1,X2] =Y
[X2, X3] = —Xs

\ [XI,Y]=—X4 + X5
21 .
K510 ¢

[Xo, Xi] = Xina
[XI:Y] = X4

”?g,l,l) ;
[Xo, Xi] = Xina
(X1, Xs] = X
[Xl,Y] =X4
i)
[Xo, Xi] = Xina
(X1, X2] = X5
[X1,Y]= X3
N(s°,1,1) :
[Xo, Xi] = Xin1
[X2, X3) = — X5
[Xl,Y] =X4+ X5
“(2.1,1) :

[Xo0, Xi] = Xia

[X1,Xa) = X4
(X2, X3] = ~X5
[Xl,Y] = X4

< 5.
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