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ON A THEOREM OF ROLEWICZ FOR SEMIGROUPS OF

OPERATORS IN LOCALLY CONVEX SPACES

by
Mihail Megan and Alin Pogan

Ann. Math. Blaise Pascal, Vol. 7, N° 1, 2000, pp.23-35

Abstact. The purpose of this paper is to extend a stability theorem of
Rolewicz to the case of semigroups of operators in locally convex topological
vector spaces. The results obtained generalize the similar theorems proved
by Datko,Pazy,Zabczyk, Rolewicz and Littman for the case of Co-semigroups
of operators in Banach spaces.

l.Introduction

Let .Y be a locally convex space whose topology is generated by the family
of seminorms {) - |03B3 : 03B3 E 0393}.The space of all continuos linear operators from
X into itself will be denoted by B(X ). For all A E B(X ) and for all ,Q, 03B3 ~ r
we shall denote

~A~03B2,03B3 = sup{|Ax|03B3 : |x|03B2  1}.
It is obviouse that A E B(X) if and only if for every, E r there exists
f3 = ,Q(y) E r such  ~.

Recall that a family S = (S(t))t~0 of continuous linear operators from X
into itself is a Co-semigroup on .~ , if

sl)~..~‘(o) = 1 (the identity operator on .k);
+ s) = S(t)S(s), for all t, s > 0;

s3) lim x|03B3 = 0, for all x E X and all, E r.
For details about Co-semigroups in locally convex spaces see for instance

[2] and [5].
In what follows we denote by $ the set of all functions : IR+ x r -~ r

with the properties
03C61) 03C6(0,03B3) = 03B3, for all 03B3 E 0393;

p(t + s, 03B3) = p(t, 03B3)), for all t, s > 0 and all 03B3 E r.
In this paper we consider a particular class of Co-semigroups defined by
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Definition 1.1. A Co-semigroup S = (S(t))t>o is called 03A6-semigroup, if
there exists 03C6 ~ 03A6 such that

 oo for all (t,~y) E L~ x r.

Hence if S is a ~-semigroup, then there exists ~ with

for all (t,’Y, x) E IR x r x X.

Definition 1.2. A 03A6-semigroup S = (S(t))t>o is said to be
(i) exponentially bounded (and denote e.b.) if there exists ~ and

M, w : r -~ IR+ such that

for all (t, ~’) E II~ x r;

(ii)uniformly exponentially bounded (and denote u.e.b.) if there exists the
functions M and w from (i) satisfy the conditions:

M0(03B3) := sup 03B3))  oo and 03C90(03B3) := sup 03C9(03C6(t, 03B3))  oo for all f E r.
t>a t>o

It is obvious that if S is u.e.b. then it is u.b.
Remark 1.1. If X is a Banach space then every Co-semigroup S is a &-
semigroup with u.e.b.(see [7]).
Definition 1.3. A 03A6-semigroup S = (S(t))t~0 is said to be

(i)stable (and denote s.) if there are p ~ 03A6 and M : 0393 ~ IR+ such that

~ M(’Y) for all (t,’Y) E IR+ x r;

(ii)uniformly stable (and denote u.s.) if it is stable and the function M
from (i) satisfies the condition

M0(03B3) := sup y))  oo for all -j e I°’;
t>a

(iii)exponentially stable (and denote e.s.) if there are p and

N, v : r -; I~+ such that

for all (t,7) E IR+ x T;
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(iv)uniformly exponentially stable (and denote u.e.s.) if it is e.s. and the
functions N and v from (iii) satisfy

.No(~y) :=  oo and vo(~y) := > 0 for all ~y E F.
t>o ~>o

Remark 1.2. It is obvious that

u.e.s. ~ u.s. ~ u.e.b.

e.s. ~ s. ~ e.b.

In Banach spaces we have that

u.e.s. =~ e.s =~ u.s. 4=~ s.

In stability theory in Banach spaces a well-known result due to Rolewicz
[8] is
Theorem 1.1. Let S = be a Co-semigrovp on the Banach space
X with the norm ~. ~S is u.e.s. if and only if there exists a non-decreasing
continuous function R : IR+ -~ IR+ with R(o)~ = 0, R(t) > 0 for all t > 0
and 

00

 oo for all x E X.
0

In [8] Rolewicz proved a slightly, more general result valid for so-called
evolution families.

A shorter proof of Rolewicz’s theorem is given by Q.Zheng ([10]) who
removed the continuity assumption.Another proof of (the semigroups case)
of Rolewicz’s result was offered by Littman in [3].The case R(t) = t2 was
originally proved by Datko in [1], and R(t) = tP by Pazy in [6].

In this paper we attempt to generalize Theorem 1.1. for the case of 03A6-

semigroups in locally convex spaces.
Firstly, we observe that Theorem 1.1. is not valid in locally convex spaces.

Example 1.1. Let X be the space of all complex continuous functions on
IR+ and ( o, oo ) .
The family {~ . (.~ : -y E r} given by

~x~.~ = ~x(~)~ I for all y e r
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determines a structure of locally convex space on X. It is easy to see that

: IR+  0393 ~ r, 03B3) ‘ 03B3e2t

belongs to 03A6 and S = (S(t))t~0 defined by
= for all (t, s) E IR+ x I~+ and all x E .k,

is a 03A6-semigroup with

~S(t)~03C6(t,03B3),03B3 = e-t for all (t,03B3) E IR+ x 0393.

and hence S is u.e.s. We observe that for = s we have that

= 03B3etdt = oo for all 03B3 E F.
0 0

Example 1.2. Let F = IR and let X be the space of all complex continuous
functions x with the property that there is Mx > 0 such that

Ix(t)1  Mx|t| ] for all t E IR.

The family {) . !.~ : r~ defined by

= ~ x (-y ) ~ for all ~y E I~

deternlines a structure of locally convex space on X. The function

: IR x h --~ F, 

belongs to $ and S = defined by

= etx(se"2t) for all (t, s) E IR+ x IR and all x E X,

is a ~-semigroup on X.
Because

= et for all (t, ~y) E .~R x T,
it follows that S is not u.e.s.,even if

C’ 00

|03B3|Mx e-tdt =  oo for all (t,’Y, x) E 
o 0
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We observe that from Theorem 1.1.it results
Theorem 1.2. A Co-semigroup S on the Banach space X is u.e.s. if and
only if there exists a non-decreasing continuous function R : IR+ - IR+ with
the properties:

(i)R(O) = 0;
(ii)R(t) > 0 for all t > 0;
(iii)R(ts)  R(t)R(s) for all (t, s) E IR+;

o

(iv) f  oo.
0

In this paper we generalize this theorem for the case of u.e.b. ~-semigroups
in locally convex spaces.

2.Preliminares

We start with the following
Lemma 2.1. Let f : IR+ - IR+ be a non-decreasing function with j(O) = 0
and f(t) > 0 for all t > 0. Then

t

F : IR+ - IR+, F(t) = f (s)ds
o

is a continuous bijection.
Proof. We observe that F(0) = 0 and F is a non-decreasing function.If
there exists t~  t2 such that F(ti) = F(t2) then

t2

f (s)ds = F(t2) - F(t1 ) = 0,
wich is a contradiction. Hence F is strictly increasing and because lim j(t) >
0 it folllows that 

00

lim F(t) = f (s)ds = oo,
which shows that F is also surjective.
Lemma 2.2. If S = (S(t))t~0 is a 03A6-semigroup then

(i)~S(t+s)~03C6(t+s,03B3),03B3 ~ ~S(t)~03C6(t,03B3),03B3~S(s)~03C6(s,03C6(t,03B3)),03C6(t,03B3)
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for all (t, s, ~y) E IR+ x r;
n

(ii)~S(nt)~03C6(nt,03B3),03B3 ~ 03A0 ~S(t)~03C6(kt,03B3),03C6((k-1)t,03B3)
k=1

for all (t, n, ~y) E IR+ x IN* x r.
Proof. (i) We observe that

|S(t + s)x|03B3 =  

~ _

- 

and hence

~S(t + 

for all (t, s, ~~ E IR+ x r.
(ii) It follows from (i) by induction.

Lemma 2.3. If S is a 03A6-semigroup with u.e.b. then

lls(t + M0(03B3)e03C90(03B3)~S(s)~03C6(s,03B3),03B3

f or all (t, s, ~y~ E IR+ x r with s E ~t, t + 1~.
Proof. Indeed,if t > 0, ~y E rand s E ~t, t + l~ then by Lemma 2.2., we have
that

~S(t + ~ ~S(s)~03C6(s,03B3),03B3~S(t + 1 - s)~03C6(t+1,03B3),03C6(s,03B3) 

_ ~(~(Sn))ect+’ s)W(~(S’~’) i~’~S)II~(s,~),y ~
 

Lemma 2.4. Let S be a 03A6-semigroup with u.e.b. If there exists
P : IR+ x r -~ IR+ such that

 for all (t,’r) E IR+ x r;

(ii) lim P(t, y) = 0 for E I‘;

 for all (t, s, y) E IR+ x I’

then S is u.e.s.
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Proof. Let A : r --~ ~ (IN*) be the function defined by

A(y) _ {n E IN* : P(n, y)  e-1}.
From (ii) it resullts that A(y) is non-empty for all for every; E r.
If we denote by n(y) = min A(y) then from A(y) C y)) and (iii) it

results that

y))  n(y) for all (t, y) E IR+ x r.

For all (t, y) E IR+ x r there is a natural number p such that 
t  (p -f-1)n(y).

If p = 0 then

 ~’(’~)etw(7) ~ l~a(y)en(’’’’W°(~).
If p > l then

 

P

~ ~(~(~(’Y)a y))e(t~p’~(’~)y~’(~(p~(~r),~r)) ~ 
k~l

p

~ M0(03B3)en(03B3)03C90(03B3) 03A0 P(n(03B3), 03C6((k -1)n(y)a y)) ~
k=1

P

~ ~ ~ 
k=1

 = 

where 

lV(,) = M0(03B3)en(03B3)03C90(03B3)+1 and v(,) = -. 1
Because

~o(y) =  o0
t>a

and 
~ ~

~’Y)) - n(’Y) a
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finally we obtain that S is u.e.s.

3.The main results

In what follows for every IR+ x h --> F we shall denote by R~ the set
of all functions R IR+ x r - IR+ with the following properties

r1)R(0, 03B3) = 0 for all 03B3 ~ 0393;
r2)R(t, 03B3) > 0 for all t > 0 and all 03B3 ~ 0393;
r3) lim = oo for every ~ E r;

t~~

r4) R(t, 7)  R(t, ~y)) for all (t, s, ~y) E IR+ x T’;
r5)R(s, 03B3) ; R(t, 03B3) for all (s, t, 03B3) E IR+ x r with s  t.

Lemma 3.1. Let p ~ 03A6 and R E R03C6.
Then for every (r, ~y) E IR+ x F the set

is bounded and the function

b : IR+ x r - IR*+, 03B4(r, 03B3) =1 + sup Br(03B3)

satisfies the inequality

03B4(r, 03C6(t, 03B3))  03B4(r, 03B3) for all (r, t, 03B3) E IR+ x T.

Proof. From lim R(t, y) = oo it follows that Br(03B3) is a bounded set for all

(r,1’) E IR+ x h.
On the other hand,by

R(t, ~y)  R(t, ~y)~ for all (t, s, E IR+ x I‘

it results that

Br(03C6(t, y)) C Br(03B3) for all (r, t, 03B3) E LR+ x r

which proves the lemma.
Theorem 3.1. Let S be a 03A6-semigroup and let 03C6 E 03A6 which satisfies Defi-
nition l. l. If there are R E R~ and : r --~ ~R+ such that for E r
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{i~.Iio( ;~) = sup I~ {y{t, y)~  o0

t>o

and
t+1

(ii) sup K(03B3),
t>o
- t

then S is u.s.
Proof. If R E R03C6 then by Lemma 2.3. it follows that

t+1

)  ~ s S ds  ~~. 

,03B3) _ 
t 

R(~( s)~03C6(s,03B3),03B3, 03B3)ds _ K0(03B3)

for all (t, ~y) E IR+ x I‘.
This inequality shows that

~S(t + 1)~03C6(t+1,03B3),03B3 ‘ ’ ) iYh{’; )

and hence

M1(03B3) for all {t,’Y) E [1, ~) x r.

If t E [0,1J then

M0(03B3)e03C90(03B3)  M1(03B3),

which shows that

 ~~’1 (’Y) for all (t,’Y) E IR+ x r.

Moreover we observe that

~~f~(~~t~ ~~)) = sup .VI(~{S, ~{ts’Y))) = sup ~T{~(~ + t~ ~r)) _
S>a S>o

= sup M(03C6(s,03B3)) ~ M0(03B3)
s>t

and similarly

Wo~~~t~’Y)) ~ ~’o{’Y) and ~~o{~~t,’Y)) ~ 
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These inequalities together with Lemma 3.1. imply that

M1(03C6(t,03B3)) ~ MI(’Y) ~ ~S(t)~03C6(t,03B3),03B3

for all (t, ~) E IR+ x r and hence S is u.s.
The main result of this paper is

Theorem 3.2. A 03A6-semigroup S is u.e.s. if and only if there exists 03C6 E 03A6,
R E R~ and ~~ : r -~ IR+ such that

=  o0

y t>o

and

(ii)  K(03B3)
0

for all 03B3 r.

Proof.Necessity. It results from Definition 1.3. for

R(t,’Y) = t and K(03B3) = N(03B3) 03BD(03B3),
where N and v are given by Definition 1.3.
Sufficiency. Because

t+1 00

sup  K(03B3),

for all "f E r, by Theorem 3.1. it results that there exists Mi : 0393 ~ IR+ such
that

~ ~1(’Y) and ~~(~(t~’Y)) ~ 
for all (t, ~y) E hR+ x r (i.e. S is u.s.).

Let F : : IR+ x T -~ IR+ be the function defined by

t

= 

o
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By Lemma 2.1. the function t --~ F(t, ~y) is an increasing continuous bijection
for every y E r. If we denote by fy = F(.,03B3)-1 then from R E R03C6 it follows
that F E R03C6,

 ,~.~(s) for all (t, s, y) E IRE x r.
and

03B3)dt 

~ M1(03B3)R(~S(t)~03C6(t,03B3),03B3,03B3)dt  M2(03B3)
0

for all 03B3 F.

If we denote by

g(t,03B3) = 
~S(t)~03C6(t,03B3),03B3 M1(03B3)

then for t > 0 and 03B3 E r we have

t t

tF(g(t,03B3),03B3) =  s)~03C6(t,03B3),03C6(s,03B3), 03B3)ds 
0 0

t t

~F(g(s,g)M1(03C6(s,03B3),03B3),03B3)ds ~ F(~S(s)~03C6(s,03B3),03B3,03B3)ds ~ M2(03B3)
o 0

and hence

~ P(t, 03B3)
for all t > 0 and ’Y E F, where

P(t y) _ ( , /§ t > 0
’ , ’ } l, , if t = 0

It is easy to see that

lim P(t, T) = 0 for every, E r
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and

~ ~(~a’Y)~ for all (t, s,’Y) E ~R+ x r.
An aplication of Lemma 2.4. proves that S is u.e.s.

The discrete variant of Theorem 3.2. is given by
Corollary 3.1. A 03A6-semigroup S is u.e.s. if and only if there exists 03C6 E 03A6,
R E R~ and h : r -3 IR+ such that

(i)Ko(’Y) =  o0
~>o

and 
oo

~  .r~ (~~
n=0

for all 03B3 ~ 0393.
Proof.Necessity. It is a simple verification for

R(t, 03B3) = t and K(03B3) = N(03B3)e03BD(03B3) e03BD(03B3)-1 ,

where N and v are given by Definition 1.3.
Sufficiency. Let M3 : h --~ ~R+ be the function defined by

~113(’Y) = sup 
t>o

where M and w are given by Definition 1.2.
We observe that

~ - 

~ ~ 

for all (s, t, 03B3) E IR2+ x F with s E [t, t + 1].
If we denote by

Rl : IR+ x r --~ IR+, R1(t,’Y) _ ?’Y)
then Rl E R03C6 and

= L / =

o 
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= E R(~S(t)~03C6(t,03B3),03B3 M3(03B3),03B3)dt  1: R(~S(n)~03C6(n,03B3),03B3,,03B3)  K(03B3)

for all 03B3 P.
From Theorem 3.2. it results that S is u.e.s.
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