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Weak solutions for some Reaction-Diffusion
Systems with Balance law and Critical growth
with respect to the Gradient.*

N. Alaal& I. Mounir?

Abstract

This paper is concerned with the existence of weak solutions for 2 x 2
reaction-diffusion systems for which two main properties hold: the positiv-
ity of the solutions and the triangular structure. Moreover, the nonlinear
terms have critical growth with respect to the gradient.

AMS subject classification :35J20, 35325, 35J65, 45H15.

1 Introduction

This paper deals with existence results for the following Reaction-Diffusion sys-

tem:
—Au = f(zyu3v1 Vu, V'U) + F(Z) on .
-Av = g(z,u,v,Vu,Vv) + G(z) onQ )
u=v=0 on 91}

where (2 is an open bounded subset of RV with smooth boundary 89, —A de-
notes the Laplacian operator on  with Dirichlet boundary conditions. Since
we are essentially concerned with systems frequently encountered in applica-
tions, we restrict ourself to the case of positive solutions satisfying the trian-
gular structure. These two main properties are ensured (respectively) by the
following hypotheses

f(zi 0) v’p’ q)’ g(x)u’ in, q) Z O’ F(z)’ G(z) 2 05 (2)
for all (u,v,p,q) € RY x R* xRV xR" and a.e. 7 € Q.
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f(z,u,v,p,9) + 9(z,u,v,p,9) <0
f(z,u,v,p,q) <0 (3)
for all (u,,p,q) € Rt x R* xR¥xR" and ae. 7 € Q.

When f and g does not depend on the gradient, an extensive literature has
dealt with this kind of problems (especially for the parabolic version), existence
results have been given in [9], {10], {13}, [14]. Excellant surveys treating reaction-
diffusion systems include Rothe [16] and Smoller[17]. If f and g does depend
on the gradient, an existence theorem has been proved in [12], by means of L!
method introduced in [13], when the growth of the nonlinearities with respect
to the gradient is subquadratic, namely

If1+1gl < Cllul, o)) (IVY|® + |Vo|* + K)
C > 0,C is nondecreasing; K € L}'(?) and 1< a < 2.

Our objective is to investigate the case a = 2. This critical growth with respect
to the gradient creates some difficulties in the passage to the limit for the ap-
proximating problem and the L' method can not be applied in this case. We
adopt a different approach based on techniques introduced in [7] for the case of
elliptic equations to deal with exponential test function of the truncations. We
refer the reader to [4], [6], [7], [15] for a general survey of this method. Let us
point out here that the parabolic version of such systems with L?— data has
been recently treated by the same authors, see [2]. Typical model where the
results of this paper can be applied is the following

-Auy = —p(u,v)|Vu’+F onQ
-Av = pa(u,v)|[VuP+G onQ
u=v=0 on 91},

where the functions p;,7 = 1,2, are nonnegative continuous bounded with re-
spect to v such that p; < p; and where |.| denotes the euclidian norm in RV .
We have organised this paper in the following manner. In section 2, we give
the precise setting of the problem and state our main result. In section 3, we
truncate the system and establish suitable a priori estimates. Finally, we prove
the convergence of the truncated problem to some solution of our system. The
difficulties in this section are similar to those in [7], [15] and the techniques are
of the same spirit. But specific new difficulties owed to the nature of the system
must be handled.

2 Statement of the result

2.1 Assumptions

We first introduce the notion of solution to the problem (1) used here.
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Definition 1 We say that (u,v) is a weak solution of (1) if

u,v € Wy (Q),

(w0, Vu, Vo), g(.,u,v,Vu, Vo) € L}(Q),

-Au = f(,u,v,Vu, Vo) + F in D'(Q)
-Av =g(.,u,v,Vu, Vo) + G in D'(2).

Throughout this note we will assume that:
H1/ f,g:Q x R? x R?N - R are measurable
H2/ f, g: R? x R®* — R are continuous for almost every z in ).

H3/ |£(2,5,9,5,9)| < Cu(lul) (L(z) + ol + lal|®),
where C : [0,00) = [0,00) is non-decreasing, L € L(), 1 < a < 2.
H4/ lg(z,u,v,p,9)| < Ca(lul, o)) (K ) + ol + ol

where C; : [0,00) = [0,00) is non-decreasing, and K € L}(Q).
H5/ F, G € L'(Q).

Remark 1 One can deduce from assumptions (2) and (3) that
f(2,0,0,p,9) = 9(2,0,0,p,9) for all p,g € RV.

2.2 The main result

Theorem 2 Assume that (2), (3) and H1/ — H5/ hold. Then there ezists a
positive weak solution of (1).

Before giving the proof of this theorem, let us denote by T} the truncation
function

Ty (s) = max(—k, min(s, k)) keR*.

3 Proof of Theorem 2

3.1 Approximating scheme
Let us define 9, a truncation function by ¥, € C®(R), 0 < 9, < 1, and

. 1 sil<n
¢"(’)“{ 0 sif|>n+l

Consider the following two functions

fa(,u,v,p,9) = Pn(lul + |v| + 2]l + llgll) f(z, u, v, p, 9),
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9n(2,0,v,p,0) = Yu(lu| + o] + |Ipll + llgl)g(z, u,v,p, g).

It is easily seen that fp,gn satisfy the same properties as f and g. Moreover
|fal+19al < 1(z) € L}(). By a direct application of the Leray-Schauder fixed
point theorem one can prove that the system

—Aun = fo(®,tn,Vn, Vn, Vo) + F(z) in D'(Q)
=Avn = gn(Z,Un,Vn, Viin, V,) + G(z) in D'(Q) @)
Un,¥n € WOI‘I(Q)
-, . . rlg . N
has a weak positive solution (un,v,) in Wy () with 1 < ¢ < o1 (see [12]
for more details).
3.2 A priori estimates
Lemma 3 let u,,v, € Wol"‘(ﬂ) be nonnegative sequences such that
-Au, =fa+F inD'(Q) )
—-Av, =g,+G inD'(Q)

fn <0, fat+ 92 <O; F, G € L}Q); F,G > 0. Then
i/ There ezists a constant R; depending on ||F|| @) Gl gy such that:

/Ifﬂ(za Un, Un, VU,,,V’U,.)I + Ign(z, un)vmvuﬂ’vvﬂ)l S Rl'
Q

ii/ The sequence (un,vn) is relatively compact in Wy'9(Q) x Wy d(Q) for all

< —_—
1_q<N_1

Proof. i/ Consider the equations satisfied by u,, and v,, we can write

Un, Un € Wy ()
—fa=AQAup+ F in D'(Q) (6)
—gn=Av, +G in D'(Q).

Since un,vn > 0 and —A is dissipative in L*(£) (see [8]), then

/Aunso,/Av,.SO.
Q Q

Iintegrating (6) on Q yields
- [tas [
Q 0
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The fact that f, < 0 and F € L'(f2) allows us to conclude

Jised== [ 12 < 1Flsscay
0 [9]

Similarly, we get

/ fo+ gal = — / faton< / F+G < |IFll31a) + Gl -
Q Q Q

Therefore

J1onl < [ 1t anl + [ 1a] < 20l ey + 0G0
Q Q Q

i1/ This assertion follows by a direct application of a result in [8]. Indeed the
applications

fn = uq, and g = vy
are compact from L!(f2) into Wy'?(Q), with 1 < ¢ < NA’:I Therefore, since
by ¢/ the nonlinearities f, and g, are uniformly bounded in L!(f2), we obtain
the required result. B

Lemma 4 Let (un,v,) be as in the previous lemma. Then

i/ a/ lim |fal = 0 uniformly on n.
h—o0
[un>h]
b/ lim / |fal =0 uniformly on n.
h—o0
[2un+vn>h]

ii/ There ezists a constant R, depending on k, ||F|| (@) and ||Gllpi(q) such
that

[ 195+ [ 1956008 < o
Q Q
111/ There ezists a constant Ry depending on k, I1Fll L2y > Gl sy such that

[ 19T+ 00)P < R
Q

iv/ Moreover

lim l/[VT;,(u,,)]2 =0 uniformly on n.
h—=o h
Q

Remark 2 The same results can be found in [6]and [15].
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Proof. i/ a/ We first define the following test-function for every ¢,h > 0

0 f0<s<h
Poa(s) = s—%—h ifh<s<t+h
1 ifs>t+h.

Writing
/ VanV Py (n) - / faPun(un) = / FPun(un),
Q Q

Q
and using the fact that f, <0 and P s(un) > 0 yield

p [ el [ ns [ PRaw.
]

[A<un <t+h] [un>t+h [un>t+h]

1
Since Py / |Vun|? > 0, we get
[A<un<t+h]

-

|fal < / FPp(un) < / |F|.
[un>t+h] [un>t+h] [un2R]

Thanks to Lebesgue’s theorem, we have by passing to the limit as ¢ tends to 0

\fal < / IF|.
[un2h] [un2>h]
But ,
lun > B]| = / dz < W™t funl: < O,
[un>h]

since u,, is bounded in L'(Q) by lemma 3.
On the other hand, since F € L!(f2), we have

/]F{——J/Oas |4 = 0.
A

Therefore
swp [ 1fal <sup( [ IFLil4l < OW) = 0
[un2h] A
We conclude that

lim / {fnl =0  uniformly on n.
h—o0

[un>h)
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b/ The main idea is to consider the equation satisfied by 2u, + v,, and to take
P, 1 (2un + vn) as a test function. We obtain

1
i [ NemrwP- [ CftaPaCum )
[R<2un+vn <t+h] [2un+vn 2t+h}]
< (2F + G)Pe,p(2un + vy,)
[2un+va 2t+h]

Since fn <0, fn+9n <0 and P, 4(2u, + v,) > 0, we obtain

ol Por(un +0) € [ QF+G)Pun(2un +v2)
[2un +vn 2t+h] [2un+va >t+h)
and

19n] Pe,p(2un + vn) < / (2F + G)P, 4 (2un +vp)
[28n+vn 2t+h] [2un+va Dt+h]

The rest of the proof runs as in the previous step.
i1/ We multiply the first equation in (5) by Ti(u,) and we integrate on 2, we
obtain

{ VT (un)? = Z FaTeum) + { FTi(un) < Z FTx(un),

since fTk(un) < 0. We then have

/[VTk(u,.)l"’ SEklFlg g -
0

In the same way, we multiply the second equation in (5) by Ti(v,) and we
integrate on 2, we obtain

/ VT (0n) 2 = / onTx(va) + / GTi(vn) < / (G + lgnl) Te(vn).
Q 0 Q Q

We then have
/ IVT(va)* < KRy + |Gl ).
Q

111/ follows trivially from di/.
iv/We first remark that u, satisfies

—Au, < F, in D'(Q)
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if we multiply this inequality by T} (u,) and integrate on £, we obtain for every

M>0
/ VT < Th(un)F + / T (un) F
Q QNfun <M] QN[un>M]
< M/F + h/FX[wM].
Q Q
Hence

1 M
3 [ 19Tl < S0P + [ Fxsan
Q Q

Fix £ > 0. Since uy, is bounded in L*(Q2), we have |[u, > k]| < Ck~!. Therefore,
there exists k. independent of n such that

€
/FX[u,.>k,] < 7
Q

Taking M = k. an letting h tend to infinity, we obtain the desired conclusion. i

The last assertion in lemma 3 allows us to ensure the existence of a subsequence
still denoted by (u4,vs) such that

Up — U in W59(Q) strongly.
Uy — U a.e in Q.
Vu, — Vu a.e in Q.
Un — U in W)9(9) strongly.
vy, — U a.e in Q..

Vv, — Vo a.e in ).

In the next step, we will show that this subsequence (uy, v,) satisfies some useful
properties.

Lemma 5 Suppose that un, v,, v and v are as above.
i/ If
Ifal £ Cy(lunl)(|Veun|” + [Vva]* + L)
C; >0, C, is nondecreasing; L € L}'(); 1< a < 2.

Then for each fizxed k
Jim / VT (un) = VT ()] Xfun v <iy = 0.
Q
i/ If

lgn| < Ca(Junl, lval)(IVunl® + |Vva)* + K)
C2 >0, C. is nondecreasing; K € L*(Q).
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Then for each fized k

Jim [ [9Tu(un + 90) = V(Telu + 0 Xuwson iy =0
Q

Proof. i/ Let
¢(s) = sexp(us?),

2
where: p > max (Cl 4(k) ,C3(k, k)). An easy calculation allows us to write

¢ (s) = Ci(k) le(s)] > 5
¢ (s) — 2Ca(k, k) I</>(3)I > 5
Let us also define the following function
HeC'(R),0<H(s)<1VseR
if |s| 21,
Hs) = 1 if |s] < 1
Now let h and k be positive real numbers such that k < h and take p(Tg(up) —

Ti(u))H (u" +o ") as a test function in the first equation of (5). We have

Un +’Un

/ Atinp(Ti (1) — Ti(w)) H( y=d+J (7)
where
5= / Fnp(Te(un) = Tu(w) H(222)
Iy = / Fp(Ti(un) - Telu) H(212).
For sake of brevity, we wxll denote by
fk n= (Tk(un) - Tk(u))
/ Aung(Es ) H(2251R)
Q

Integration by part yields

/ Vitn (VT (tn) — VTi ()’ (€, ,.)H(“" k.

I —)

Up +Vp
h

+ E/V'u,.V(un + vn)p(€n) H'( )

Q
I + I,.

it
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For I}, we have

I "+v")+

- / VunVTk(0)¢ (65.0)H(
[un>k]
|V (Ti(un) — Te(w))* @' (€k,n) H (22
[un<K]
VT (w)V (T (un) — Te(u))e (Exn) H(

[un<k)
= ha+ha+hs;.

un+vn)+

+

un+v,,)

For the term J;, we have

5= / P B 4 [ faplen)H ()
[un<K] [un 2]
< /fn‘P(fkn)H(un+v")
[un <k}

since ga({;,,.)H(u"+v") > 0 on [u, > k] (H > 0,8k, > 0 on [u, > k])and

fa < 0 by hypotheses. Therefore

Uy +v,.)

5Lo< G / L(@) (e n)| B2t
[un <K}

+ Gk / Vaual? fp(Er ) H( L2t 20
[un <K}

) / VT (wn)|® (En)| H(

[un<k]
= Ju+d2+ A

u,,+v,.

—)

Un +’Un)

Consequently by equality (7), we have
heo+tl—he<ha+has+l—nha-1s. (8)

One can see that I; ; can be written as

I, /VTh(un)VTk(")‘p (Exm) H(ZR )Y(u,.>k]X[u>k

v,
2 ),‘([u,.zlc]X[u<A-]~

/ vrh(un)VTk(u)w’(ek,n>H("" :
Q
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Since VT (u)X[u>k = 0 a.e in €, and X[y, >4 X[u<k] = 0 a.€ in Q as 7 — oo,
lim 11,1 =0.
n—c0

On the other hand, VTi(u,) is bounded in L%(2) and converges to VT}(u)
a.e., and ‘w (5,,")11(“"*”")' < C|¢/(2K)|. Therefore, it follows from ([11]

Lemmel.3 pl12) that V(Ti(un) — Tk (u))¢’' (&, ,,)H(u'l + ¥n

to 0 inL3(Q2).
Then li_)m I3 =0.
n—oo
Now we investigate I>. Since u, and u, + v, satisfy the hypotheses of the
previous lemma, we get

) converges weakly

un+vn)
h

Up + Up

PlEnm)H'(22)].

|| < ?lo(&en)H' (22

2h

+ ﬁ-/]VT;,(u,.+v,,)|
Q

Then hlim |I2] = 0 uniformly on n.
—$00 .
For the term J; 1, we use Lebesgue’s theorem to conclude that li’m Ji1=0.
n—o0
For J; .2, we write

Jiz = Ci(k) / IV(Tk(un) = Te(w)| lo(€x,n)| H(un+u,.)
[un<k]
+ 2G(E) / VTk(“n)VTk(U)Iso(fk,.)lH(""+”“)
[un <k]
- a® [ IVR@P e HE),
[un <K]
n+ n

)X{u.<k] cOnverges to 0 a.e., and

Since [¢p(6,m)| H(
lp(Ge.n)| H(E2T2 ")xm«, < ¢(2k) and V(Ty(un) is bounded in L2(®), it
Un + Vp

follows from ([ll] lemme 1.3 p12) that VTx(un) |p(&k,n)| H( h WXiun<kl

converges weakly to 0 in L?(Q2). This implies that the second term of this
equality goes to zero as n tends to infinity. Concerning the last term, we remark

Un + Un
that |o(&k,n)| H( Xfun<i) . 0 a.e. on Q and

VT ()] fo(&, n)lH( Yt Y n)X[u..sk] < |VTi(u))* o(2k) € L}(Q). Thanks to

11
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Lebesgue’s theorem, we then have

Up +v,.

Jim. / VT () [ (Em)| H(

[un <k}

)=0.

To investigate the remaining term J 3, we apply Hélder’s inequality as follows:
choose B such that a — 1 < 8 < 1, we have

hs < Ci(k) / (VT ()| 660l exp(ugl o H (22
[un <K]
3 e
< C(r) ( / [VTh(va)|°% |sk,,.|'5) ( / |£k,n|4r'«“)
Q Q

1-8
=

g
(k) ( / |\7T,.(v,.)12) ( / m,.ﬁ) I i
Q

Q
Now we use lemma 4-(ii) to obtain

IN

L;.E
Jis < C(RY(R |Fllga + h1IGl| 1) % ( / lek,,.f) o 5=
[

Passing to the limit as n tends to infinity (for fixed k, k), the strong convergence
of &,n to 0 in L%(Q) yields: limsup J; 3 =0.
n—oo

For the last term J», we have by a direct application of Lebesgue’s theorem

lim Jo = 0,
n—o00

since F € L1(@), and [ip(ge ) H(“20n "")] < Clo(2H).

In view of inequality (8), we have shown that for k, h fixed

limsup( 11_2 + Iz - Jl_g) S 0.

n—00

Then
limsup (limsup (1.2 + I — J12)) < 0.
h—co n-—+00

But lim I, = 0 uniformly on n, this should be limsup (limsup |[;|) = lim
h—o0 h—00 n-—00 h—oo

(limsup I3) = 0. It follows
n—oo

limsup (limsup( T2 — J1.2)) <0

h—o0 n—co
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Therefore

hm sup (lxm sup / IV (Ti(un) - Te(u))? [‘P (€k,n) ~ Cu(k) (&, n)l] H(——

Up + Un
By the choice of u we deduce that
Un + Un

))=0.

h—oco

lim sup (hm sup / [VTi(up) — VT (w)]* H(—2—2
Q

On the other hand

VT (un) — Vi (w)|? H("" t Y

Ynttn) o
[tn+vn <K]
/ VT (un) - VTi(u)? H(Z2I2n
Q

Then for every fixed h, k such that k < h

Un +Un

—5)

lim sup (lim sup / Vi (un) — VTi(w)* H(2E2)) = 0
h—o0 n—oo
[tn+va <k}

Un +v,.

Choose 2k < h. By the definition of H we get H(———") = 1 on [u, + vp, < k].

Hence, this should be a limsup

Jim [ 197iun) = VT X tvn
Q

IA

|
e

Jim sup / VT (tm) ~ Vi ()] Xt <
n—oo ﬂ

Therefore
Jim [1974(00) = VI X 00 = O
Q

i3/ Consider the equation satisfied by u, + v,
~A(up+vs) =fant+gn+F+G,

“n+ n

and use again ¢(Tk(un + vn) = Tk(u + v))H( ) as a test function where

h and k such that 0 < k < h. We get

/V(un +va)V(Ti(un + vn) — Te(u +v))¢' (&, n)H(un + v,.

9)

un+v,,

/ IV (un + ) (€4 ) H( )= Ky + Ks,

13
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where we denote by

f;c o =Ti(un+vn) — Ti(u+v)
/ V(un + 1) ¥ (Ti (n + v) — Ti(u + )0 (€4, ) H(

Un +vn

)

u,,+v,,

: / [V (tn +va) [ (&4 ) H( )

K,

un+vn

[ fot gnplEL Y H(E2 M)

u,.-{-v,,

Ki= / (F + G)p(El ) H( )

The proof of this assertion follows closely the steps used in the proof of the
previous one, it suffies to replace u, by u, +v, and u by u +v. Hence we obtain

hm (imsup K3) =

—00 n—boo
lnn Ky =
n—oo
for the term K; we have
K = - / V(un + 0n) VTa(u + )9/ (6, JH(22122)
[un+vn>k]
+
LI B YRR R O R T
[un+vn <k}
Un + Un
b [ VI o) Talun ) - Telu + ) € JH )
[un+va <k}

K1+ K12+ K3,

It is easily seen that K can be treated in the same way as I;.
The only difference is the investigation of the term K3, indeed

Up + Vp

(fn+ au)o(Eh ) H(22 )
{un+vn<k]
v [ GnraegHCEE)

[un+vn>k]
Up + Vn

(fn +9n)‘P(§k n)H( h ))
[un+vn <k]

K

IN
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since (€} ,,) > 0 on [us + v, < k] and H > 0, fo + go < 0 by hypotheses.
Hence

“n+vn

|Ks| H( )

IA

Ci(k) / IVunl® |o(& )
[un+va <k}

+ ol [ T+,
[tn 4 <H]

+ k) [ (Tul 4 Vel + ) ol

[un+va <K)
= K31+ K32+ Ks3.

u,.-+—v,1

) H(

)

Uy + VUn

H(*2 )

Therefore equality (9) implies
Ki2+Ky;— K33 < K31+ Kz2+Ks— K1y — Ky 3. (10)
We have

H(u,. +v,.)

K3, ‘P(fk )

O B
[un+va <K}
2000) [ 1VTun) - VI P (60| B2

Up + Up

)

IN

[tn+vn <k}

TN 2 YO PICAN
[tn+vn <k

20, (k) (2K) / VT (un) = VT (w)? H(E220

H(u,.+v,,)

un+vn)

IN

Up + Up

+26,(8) / (VT ) (g )| H (2t 2,

By using the first assertion () and Lebesgue’s theorem for the second integral,

we obtain
lim sup ( hm Ks3,)=

h—oc0

As for the term J; 3, we write

lim K3.g = 0.

n—0o

15
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Let us now investigate K3 3. We first remark that this term can be controlled
as follows:

Kus < Gk [ GIVul + 21+ 00 + O ileh, )] H
[un+va <k}
< GlD [ BT+ K fole )| HCE )
[n+va <k}
+ 26D [ VT + )l foles )| B,
[tn+vn <K]

The first integral can be dropped by using the same arguments as before. In
conclusion, we have

limsup (lim sup / [VTk(un +vn) — VTk(u + )| [¢' (k) — 2C2(k, k) |io(&L ) |] H(
1]

As in the previous assertion, we obtain

nll’n.}o /IVTk(u,. +vg) = VTi(u+ v)l2 Xluntra<k] =
Q

3.3 Convergence

The aim of this paragraph is to show that (u,v) obtained before is in fact
solution of the problem (1) in the sense of definition 1.
By the continuity of the functions f, and g,, we deduce

fnlz,tin, vn, Vg, Vo) = f(z,u,v,Vu, Vo) ae.ein .
(%5 Un, Vn, Viin, Vo) = g(z,u,v, Vi, Vo) a.ein Q.

These almost pointwise convergences are not sufficient to ensure that (u,v) is
a solution of (1). In fact, we have to prove that the previous convergences
are in L*(Q). In view of Vitali’s theorem, we have to show that f, and g, are
equi-integrable in L!(f2).

un+un

)

Up + Up
h

) <o.

Lemma 6 The sequences (fn(%,Un, Un, Vtn, VU, ))n and (gn(z, tn,vn, Vin, Vg ))a

are equi-integrable in L1({2).

Proof. Let A be a measurable subset of {2, we have

I

[fal + / |£al

AN{un+va>k) AN[un+va<k]

TR TS

AN[2un+va >k} ANfun+va <k}

/ I.fn(x’um U,y Vg, V'Un)‘
A

IA
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Thanks to lemma 4, we obtain Ve > 0 Jko such that if k£ > ko then

| fa(Z, Un, Un, Vg, V)| < Z for all n.

AN[2un+un >k]

Hypothesis (H3) implies that for all k > kq

[ire s Vvl < Sram(fr@+ [ 9B
A A AN[tin +vn <K)
+ Ci(k) / [VTe(vn)|*.
AN[un+va<k]

Using Holder’s inequality for o < 2 and Lemma 4(ii), we obtain for the third
integral

A

o
k)
2—-a
a® [ VR < a® [ / lvn(v,.):”} Vien
AN[tn+vn <K] A
2 2-a
< CGi(k)RF |A 2
€
S Zy
€ 2 2
whenever |A] < 6, with &, = (ZCI (k) R, 2)%-a.
To deal with the second integral we write
VT3 (un)l? < 2 / VT (un) — V(W) + 2 / V().
A

AN[tn+va <k] AN[un +v, <k]

According to lemma5, |V} (up,) — VT (u)[? X[un+v, <k] IS €qui-integrable in L!(£2)
since it converges strongly to 0 in L!(R). So, there exists d; such that if |4]| < 83,

then 2C} (k) / [V e(um) - VT ) < £

AN[un+va<k]
On the other hand L, |VT;(u)}* € L!(R2), therefore there exists 83 such that

Cy(k) [2 / VT ()] + / L(z)} <%
A A

whenever |A| < d3. Choose & = inf(6y, 82, 83), if | 4] < 8y we obtain

/ [fn(zrum Un, VUn_. an)l S E.
A
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Similarly, we get

/ [9s|

CAT ™)

A AN[un+va <k] AN[un+vn >k]
5
< -+ .
<3+ [ el
AN[un+va <k}

By hypothesis H4/, we have

Jlisiamn [ (K@ + VR + ).
A

AN[un+vn <k]
Therefore
[l Srakn [ k@+r@Ebe) [ 9her
A AN[un+v, <k] AN[un+va <k]
+2C,(k, k) / [VTk(un + 7~’ﬂ)|2 .
AN[un+va <k

Arguing in the same way as before, we obtain the required result.
Acknowledgment. The authors would like to take the opportunity here to
thank the refree for the interest he gave to this work and for his valuable sug-
gestions and corrections.
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